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Introduction 



In a few words these Notes could be considered both as an introduction to non 
commutative complex analytic geometry and to the study of microdifferential 
systems. Indeed, on a complex manifold X, we replace the structure sheaf 
with a formal deformation of it, that is, a DQ-algebra, or better, a DQ- 
algebroid, and study modules over this ring, extending to this framework 
classical results of Cartan-Serre and Grauert, and also classical results on 
Hochschild classes and the index theorem. Here, DQ stands for "deformation 
quantization" . But the theory of modules over DQ-algebroids is also a natural 
generalization of that of ^-modules. Indeed, when the Poisson structure 
underlying the deformation is symplectic, the study of DQ-modules naturally 
generalizes that of microdifferential modules, and sometimes makes it easier 
(see Theorem 17. 2. 3p . 

The notion of a star product is now a classical subject studied by many 
authors and naturally appearing in various contexts. Two cornerstones of 
its history are the paper [T] (see also [2], [3]) who defines ^-products and the 
fundamental result of [16] which, roughly speaking, asserts that any real 
Poisson manifold may be "quantized", that is, endowed with a star algebra 
to which the Poisson structure is associated. It is now a well-known fact (see 
1^ ) that, in order to quantize complex Poisson manifolds, sheaves of 
algebras are not well-suited and have to be replaced by algebroid stacks. We 
refer to [T^ for further developments. 

In this paper, we consider complex manifolds endowed with DQ-algebroids, 
that is, algebroid stacks locally associated to sheaves of star-algebras, and 
study modules over such algebroids. The main results of this paper are: 

• a finiteness theorem, which asserts that the convolution of two coherent 
kernels, satisfying a suitable properness assumption, is coherent (a kind 
of Grauert's theorem), 

• the construction of the dualizing complex and a duality theorem, which 
asserts that duality commutes with convolution, 

• the construction of the Hochschild class of coherent DQ-modules and 
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the theorem which asserts that Hochschild class commutes with convo- 
lution, 

• the link between Hochschild classes and Chern classes and also with 
Euler classes, in the commutative case, 

• the constructibility of the complex of solutions of an holonomic module 
into another one in the the symplectic case. 

Let us describe this paper with some details. 

In Chapter [H we systematically study rings {i.e., sheaves of rings) which 
are formal deformations of rings, and modules over such deformed rings. 
More precisely, consider a topological space X, a commutative unital ring 
IK and a sheaf of K[[/i]]-algebras on X which is ^-complete and without 
/i-torsion. We also assume that there exists a base of open subsets of X, 
acyclic for coherent modules over =2^ := =2/ /h.^. 

We first show how to deduce various properties of the ring ^ from the 
corresponding properties on For example, ^ is a Noetherian ring as 
soon as is a Noetherian ring, and an £/ -module ^ is coherent as soon as 
it is locally finitely generated and /h^~^^^ is i3*o-coherent for all n > 0. 
Then, we introduce the property of being cohomologically complete for an 
object of the derived category D(^). We prove that this notion is local, 
stable by direct images and an object ^ with bounded coherent cohomology 
is cohomologically complete. Conversely, if ^ is cohomologically complete, 

L 

it has coherent cohomology objects as soon as its graded module =2^®^^ 
has coherent cohomology over (see Theorem ll.6.4p . We also give a similar 
criterion which ensures that an ={2/-module is flat. 

In Chapter [2] we consider the case where X is a complex manifold, 
IK = C, =e/o = and ^ is locally isomorphic to an algebra where 
T^r is a star-product. It is an algebra over C'' : = C[[/j-]]. We call such an algebra 

a DQ-algebra. We also consider DQ-algebroids, that is, C'^-algebroids 
(in the sense of stacks) locally equivalent to the algebroid associated with a 
DQ-algebra. Remark that a DQ-algebroid on a manifold X defines a Poisson 
structure on it. Conversely, a famous theorem of Kontsevich [16] asserts that 
on a real Poisson manifold there exists a DQ-algebra to which this Poisson 
structure is associated. In the complex case, there is a similar result using 
DQ-algebroids. This is a theorem of after a related result of [SH] in the 
contact case. 

If {X, s^x) is a complex manifold X endowed with a DQ-algebroid s^x^ we 
denote by X" the manifold X endowed with the DQ-algebroid opposite 

to £^x- 
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We define the external product £^XixX2 of two DQ-algebroids and 
on manifolds Xi and X2. There exists a canonical .e^xxX'^-niodule '^x on 
X X supported by the diagonal, which corresponds to the .e^-bimodule 

On a complex manifold X endowed with a DQ-algebroid, we construct the 
C'^-algebroid a deformation quantization of the ring ^x of differential 
operators. It is a C'^-subalgebroid of S'nd^h^^x)- It turns out that is 
equivalent to This new algebroid allows us to construct the dualizing 

complex Ux associated to a DQ-algebroid ^x- This complex is the dual over 
of ^x, similarly to the case of ^x-modules. Note that the dualizing 
complex for DQ-algebras has already been considered in a more particular 
situation by [201121] • 

We also adapt to algebroids a results of |10] which allows us to replace a 
coherent j3*x-niodule by a complex of "almost free" modules, such an object 
being a locally finite sum (Bi£i{Li)u., the L^'s being free .0*x-niodules of finite 
rank defined on a neighborhood of f/j. We give a similar result for algebraic 
manifolds. 

Chapter [31 Consider three complex manifolds Xi endowed with DQ- 
algebroids £/x, {i = 1,2,3). Let X'i E 'D]!^iX-^x,xX^^J {i = 1,2) be two 
coherent kernels and define their convolution by setting 

o JTs := Rpi4,((jriM=^2)l^ .^xj. 

Here pu denotes the projection of the product Xi x x X2 x X^ to Xi x X3 . 

We prove in Theorem 13.2.11 that . under a natural properness hypothesis, 
the convolution J(fi belongs to D^^y^^^Xixx;^) and in Theorem 13. 3. 31 that 
the convolution of kernels commutes with duality. 

For further applications, it is also interesting to consider the localized 
algebroid ^^''^ = C'^''°'= ^^'^ ^^ere C'"'''°'= = C{{h)). An ^i?^-module 
^ is good if for any relatively compact open subset U of X, there exists a 
coherent =2/[/-module which generates ^\u- Then we prove that there is a 
natural map of the Grothendieck groups K^^^s/x'^) KcohiS'^h-^u) and that 
this map is compatible to the composition of kernels. 

Note that these theorems extend classical results of Cartan, Serre and 
Grauert on finiteness and duality for coherent (^-modules on complex mani- 
folds to DQ-algebroids. 

For papers related to DQ-algebras and DQ-algebroids on complex Poisson 
manifolds, and particularly to their classification, we refer to O El El [131 [SDl 

Chapter [4l We introduce the Hochschild homology 'H'H{^x) of the 
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algebroid s^/x'- 

HH{j^x) ■■= an object of D^(C^), 

and, using the dualizing complex, we construct a natural convolution mor- 
phism 

To an object ^ of D^^^^^^x), we naturally associate its Hochschild class 
hhx{^), an element of H^^^^f^^^^X^l-Ll-L^^x))- The main result of this 
chapter is Theorem 14 . 3 . 51 which asserts that taking the Hochschild class com- 
mutes with the convolution: 

(0.0.1) hhxjxX-(=^ o = hhx^xxA^i) o hhx^xxA'^2)- 

i X2 

In Chapter O we consider the case where the deformation is trivial. In 
this case, there is no need of the parameter h and we are in the well-known 
field of complex analytic geometry. Although the results of this chapter are 
considered as well-known (see in particular [33]), at least from the specialists, 
we have decided to include this chapter. Indeed, to our opinion, there is no 
satisfactory proof in the literature of the fact that the Hochschild class of 
coherent i^x-modules is functorial with respect to convolution. We recall in 
particular the formula, in which the Todd class appears, which makes the link 
between Hochschild class and Chern classes. This formula was conjecturally 
stated by the first named author around 1991 and has only been proved 
very recently by Ramadoss [53] in the algebraic setting and by Grivaux [30] 
in the general case. For other papers closely related to this chapter, see 

[HIISlEslllHlEH]. 

In Chapter [H] we study Hochschild homology and Hochschild classes 
in the case where the Poisson structure associated to the deformation is 
symplectic. We prove then that the dualizing complex is isomorphic to 
'^x shifted by dx, the complex dimension of X, and we construct canonical 
morphisms 

(0.0.2) n^^-/2c| [dx] ^ HH{£^x) ^ /i^'^^/'C^ [dx] 

whose composition is the canonical inclusion. The morphisms in (10.0.21) in- 
duce an isomorphism 

(0.0.3) c^'°= [dx] ^ nnis^k""). 
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The first morphism in fl0.0.2p gives an intrinsic construction of tlie canonical 
class in H~'^^{X; Whi^s^x)) studied and used by several authors (see [T2| [TTl 
[25]). The isomorphism flO.O.Sp allows us to associate an Euler class eux(^) G 
H'^ (X; C^^°'^) to any coherent .g^-module ^ supported by a closed set A. 

Then we show how our results apply to ^-modules. We recover in par- 
ticular the Riemann-Roch theorem for ^-modules of |17] as well as the func- 
toriality of the Euler class of ^-modules of [FT] . 

Finally, in Chapter [71 we study holonomic £^°'^-modules on complex 
symplectic manifolds. We prove that if ^ and ^ are two holonomic ,0;^°'^- 
modules, then the complex R^om^ioc(^, -Sf) is perverse (hence, in partic- 
ular, C-constructible) over the field C'*''°'^. 

If the intersection of the supports of the holonomic modules ^ and ^ 
is compact, formula flU.O.ip gives in particular 



The Euler class of a holonomic module may be interpreted as a Lagrangian 
cycle, which makes its calculation quite easy. 

If the modules ^ and ^ are simple along smooth Lagrangian submani- 
folds, then one can estimate the microsupport of this complex. This partic- 
ular case had been already treated in |12] in the analytic framework, that is, 
using analytic deformations (in the sense of [SI]), not formal deformations, 
and the proof given here is much simpler. 

We also prove (Theorem I7.5.2p that if is family of holonomic modules 
indexed by a holomorphic parameter a, then, under suitable geometrical hy- 
potheses, the complex of global sections RHom^k>c(^, =^a), which belongs to 

D5(C^'''°"), does not depend on a. This is a kind of invariance by Hamiltonian 
symplectomorphism of this complex. 

We have developed the theory in the framework of complex analytic mani- 
folds. However, all along the manuscript, we explain how the results extend 
(and sometimes simplify) in the algebraic setting, that is on quasi-compact 
and separated smooth varieties over C. 

The main results of this paper, with the exception of Chapter 7, have been 
announced in |l3l HI] . 

Acknowledgments We would like to thank Andrea D'Agnolo, Pietro Pole- 
sello, Stephane Guillermou, Jean-Pierre Schneiders and Boris Tsygan for 
useful comments and remarks. 
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Chapter 1 

Modules over formal 
deformations 

1.1 Preliminary 

Some notations 

Throughout this paper, K denotes a commutative unital ring. 

We shall mainly follow the notations of [H]. In particular, if ^ is a 
category, we denote by the opposite category. If ^ is an additive cat- 
egory, we denote by C(^) the category of complexes of ^ and by C*(^) 
(* = +, — ,b) the full subcategory consisting of complexes bounded from be- 
low (resp. bounded from above, resp. bounded). If ^ is an abelian category, 
we denote by D(^) the derived category of ^ and by D*(^) (* = -|-, — ,b) 
the full triangulated subcategory consisting of objects with bounded from 
below (resp. bounded from above, resp. bounded) cohomology. We denote 
as usual by r-", r-" etc. the truncation functors in D('^). 

If A is a ring (or a sheaf of rings on a topological space X), an ^4- module 
means a left A-module. We denote by the opposite ring of A. Hence 
an y4°P-module is nothing but a right A-module. We denote by Mod{A) 
the category of A-modules. We set for short D(y4) := D(Mod(yl)) and we 
write similarly D*{A) instead of D*(Mod(A)). We denote by Dj?„h(^) the full 
triangulated subcategory of D^(A) consisting of objects with coherent coho- 
mology. If K is Noetherian, one denotes simply by Dj(]K) the full subcategory 
of 0*^(1^) consisting of objects with finitely generated cohomology. 

We denote by the duality functor for K^-modules: 

(1.1.1) D'^i'):=Rjrom^^i',Kx). 
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and we simply denote by ( • )* the duality functor on D^(]K): 
(1.1.2) (.r = RHomJ.,K). 



If K is Noetherian and with finite global dimension, ( • )* sends (Dj(K))°p to 



D^(K). 



We denote by {pt} the set with a single element. 
Finiteness conditions 

Let X be a topological space and let =2/ be a K^-algebra {i.e., a sheaf of 
K-algebras) on X. Let us recall a few classical definitions. 

• An .gZ-module ^ is locally finitely generated if there locally exists an 
exact sequence 

(1.1.3) 

such that ^0 is locally free of finite rank over £/. 

• An ^ -module ^ is locally of finite presentation if there locally exists 
an exact sequence 

(1.1.4) ^i^^o^^^O 

such that and are locally free of finite rank over This is 
equivalent to saying that there locally exists an exact sequence 

(1.1.5) O^JTA^^^^O 

where ^ is locally free of finite rank and is locally finitely gener- 
ated. This is also equivalent to saying that there locally exists an exact 
sequence 

(1.1.6) jr^^^^^o 

where ^ is locally of finite presentation and is locally finitely gen- 
erated. 

• An ^-module ^ is pseudo-coherent if for any locally defined mor- 
phism u: JV — )■ ^ with ,jV of finite presentation, Kerw is locally 
finitely generated. This is also equivalent to saying that any locally 
defined -submodule of M is locally of finite presentation as soon as 
it is locally finitely generated. 
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• An ^-module ^ is coherent if it is locally finitely generated and 
pseudo-coherent. A ring is a coherent ring if it is so as a module 
over itself. One denotes by Modcoh(-<2/) the full additive subcategory of 
Mod(^) consisting of coherent modules. Note that Modcoh(-2/) is a full 
abelian subcategory of Mod(^), stable by extension, and the natural 
functor Modcoh(^) ^ Mod{£/) is exact (see [HI Exe. 8.23]). 

• An ^-module ^ is Noetherian (see [23 Def. A. 7]) if it is coherent, 

is a Noetherian .c^-module for any x G X, and for any open subset 
U G X, any filtrant family of coherent submodules of is locally 

stationary. (This means that given a family of coherent sub- 

modules of indexed by a filtrant ordered set /, with C for 
i < j, there locally exists io E I such that for any j > io.) 

A ring is a Noetherian ring if it is so as a left module over itself. 

Mittag-LefHer condition and pro-objects 

We refer to [55] for the notions of ind-object and pro-object as well as to 
[H] for an exposition. To an abelian category one associates the abelian 
category Pro(^) of its pro-objects. Then ^ is a full abelian subcategory of 
Pro(^) stable by kernel, cokernel and extension, the natural functor ^ 
Pro('^) is exact, and the functor "1^": Fct(/°P,^) Pro(^) is exact 
for any small filtrant category /. In the sequel, we identify with a full 
subcategory of Pro('^). If admits small projective limits, we denote by ir 
the left exact functor 

tt: Pro(^) ^ ^, "hm"Xi ^ \imXi. 

i i 

If ^ has enough injectives, then ir admits a right derived functor (loc. cit.): 

Rtt: D+(Pro(^)) ^ D+(<^). 

Definition 1.1.1. We say that an object M G Pro(^) satisfies the Mittag- 
Leffler condition if, for any N E and any morphism M — )■ in Pro(^), 
Im(M — A^) is representable by an object of 

By the definition, any quotient of an object which satisfies the Mittag- 
Leffler condition also satisfies the Mittag-Leffler condition. 

Lemma 1.1.2. Let {Mn}n&>i be a projective system in an abelian category 
, and set M = "l^m" Mn G Pro(^). Then the following conditions are 
equivalent: " 

(i) M satisfies the Mittag-Leffler condition, 
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(ii) {M„}„g2>i satisfies the Mittag-Leffier condition {that is, for any p > 1, 
the sequence {Im(M„ — )■ Mp)}„,>p is stationary) , 

(iii) there exists a projective system {M'^}nei>i ^ such that the mor- 
phism M'^_^^ —J- M'^ is an epimorphism for any n > 1 and we have an 
isomorphism M ~ "Jim" M'^ in Pro(^). 

n 

Proof, (i) =^ (ii). For any p > 1, Im(M Mp) ~ "1^" Im(M„ Mp) is 

representable by an object of ^. Hence, the sequence {Im(M„ — )■ Mp)}„>p 
is stationary. 

(ii) ^ (iii). Set = Im(Mfc — )■ M„) for k ^ n. Then the morphisms 
M;^ — )■ M„ induce a morphism / : "Jim" — )■ "Jim" M„. On the other hand, 

n n 

for each n, M — )■ M„ decomposes as M — )■ M^>^Mn, since taking k ^ n 
such that = Im(Mfc — M„), we have a morphism M — )■ — )■ M^. 
These morphisms induce a morphism g: " Jim " M„ = M — )■ "^m" M^. It is 

n n 

easy to see that / and g are inverse to each other. 

(iii) =^ (i). For any G ^ and any morphism /: M — j- in Pro(^), there 
exists p such that / decomposes into M — )■ — )■ A^. Then Im(M — )■ A^) ~ 
"Jim" Im(M;; ^ A^) ^ Im(M^ ^ A^). Q.E.D. 

n>p 

Note that the following lemma is well known. 

Lemma 1.1.3. Let {M„}„>i be a projective system of Z-modules. Then 
RV("hm"M„) ~ for i ^ 0,1. // {M„}„>i satisfies the Mittag-Leffier 

n 

condition, then H^IRtt "Jim" M„) ~ 0. 

n 

Here and in the sequel, we make the following convention. 

Convention 1.1.4. When we have a left exact functor ^ — > of abelian 
categories and X e D(<^), the notation R'F{X) stands for H'{RF{X)). For 
example, RVRr(?7; ^) means H'{R7rRT{U; J^)). 

Lemma 1.1.5. Let he an algebra over a topological space X, and let 
{^n}n>o be a projective system of ^-modules. Set ^ = "Jim" ^„ G 

n 

Pro(Mod(^)). Let U be an open subset of X and let i E Z. Then we 
have an exact sequence 

RV("1^" W~\U; Jin)) ii\U; RtxJ{) \^E\U; J^n) ^ 0. 
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Proof. We have RT{U; Rvr^) ~ R7rRT{U; ^) and we also have H%U; J{) ~ 
"^m" W{U] ^n)- Consider the distinguished triangle 

n 

R7rr<*Rr(f/; ^) RtiRV{U] J{) R7rr-*Rr(?7; J{) . 

It gives rise to the exact sequence 

^ RVr<*Rr(t/; J{) RVRr(t/; ^) ^ RVr-*Rr(t/; ^) 

^ R'+Vr<*Rr(f/; 

Since R'^tt "^m" M„ = for A; 7^ 0, 1 and any projective system {M„}„, we 

obtain R^+Vr<*Rr(t/; ^) = 0. 

Consider the distinguished triangle 

T<'-^Rr(t/; ^) ^ r<'Rr(t/; ^) ^ i7'-^(f/; ^)[1 - i\ . 



Using the isomorphism W ^{U; ^) ^ "^im" ^{U ; and applying the 

n 

functor Rvr, we get the distinguished triangle 

R7rr<^"^Rr(f/; ^) ^ R7rr<*Rr(t/; ^) 

^ Rvr ("Jim" //'-^(t/; - ?]) . 

n 

We obtain RVr<'Rr(f/; ^) ~ RV'Jim" //^"^(f/; Finally, we have 

n 

RVr^^Rr(f/; ^) ^ Jimff^(t/; ^„). Q.E.D. 

n 

As a corollary of this lemma, we obtain the following lemma, a slight 
modified version of [311 Preliminaires, Prop. (13.3.1)]. 

Lemma 1.1.6. Let X be a topological space, {^n}nGZ>o 0, projective system 
of abelian sheaves on X and ^ := l^^n- Assume the following conditions: 

n 

(a) for any x E X and any integer i, we have 

lim RV "lim" H\U] ~ 0, 

where U ranges over an open neighborhood system of x, 

(b) for any x E X and i > 0, lii^(jimiJ*(f/; ^n)) = 0, where U ranges over 
an open neighborhood system of x, 
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Then for any i, the morphism 

hi-. H\X-,^) ^\^H\X-,^n) 

n 

is surjective. If moreover {II^~^{X] ^n)}n satisfies the Mittag-Leffier condi- 
tion, then hi is an isomorphism. 

Proof. Set ^ = "l^m" By the preceding lemma, we have an exact 

n 

sequence 

RV("1^" H'-\U; ^n)) H\U; Rvr^) \^H\U; ^ 0. 

n n 

For any x, taking the inductive hmit with respect to U in an open neighbor- 
hood system of x, we obtain (RV^)^; = for i 7^ 0. Hence we conclude 
Rvr^ ^ Then the exact sequence above reads as 

— > Ri7r("lim" H'-\X; ^„)) W{X; ^) \waH\X; ^ 0. 

n n 

Hence we have the desired result. Q.E.D. 

1.2 Formal deformations of a sheaf of rings 

Now we consider the following situation: X is a topological space, =2/ is a 
IK- algebra on X and h is a, section of contained in the center of £^ . We 
set 

Let ^ be an =2/ -module. We set 
(1.2.1) ^:=l^i^/r^, 

n 

and call it the /i-completion of ^ . We say that 

• ^ has no /l-torsion if h: ^ — ^ is injective, 

• ^ is ^-separated if ^ — )■ ^ is a monomorphism, z.e., = 0, 

n>0 

• ^ is /i-complete if ^ ^ is an isomorphism. 

Lemma 1.2.1. Let ^ G Mod(^) and assume that ^ has no h-torsion. 
Then 
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(i) ^ has no h-torsion, 

(ii) JijlTJi ^ ^jm^, 

(iii) ^ , i.e., ^ is h-complete. 
Proof, (i) Consider the exact sequence 

Applying the left exact functor ^im we get the exact sequence 



ft" 



which gives the result. 

(ii) Consider the commutative diagram with exact rows: 



0- 



ft" 



I 



(iii) Apply the functor lim to the isomorphism in (ii). 



Q.E.D. 



In this paper, with the exception of § II. 3[ we assume the following con- 
ditions: 



ri.2.2) <^ 



and 



;i.2.3) <^ 



(i) has no /i-torsion, 

(ii) £^ is /l-complete, 

(iii) ^ is a left Noetherian ring, 



(iv) there exists a base ^ of open subsets of X such that 
for any G 53 and any coherent (j2^|c/) -module we 
have H'^{U; ^) = for any n > 0. 



It follows from fll.2.2p that, for an open set U and a„ G £^{U) {n > 0), 
J2n>o ^"'^n is a well-defined element of £^{U). 
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By fll.2.2p (jn]), h^/^ is contained in the Jacobson radical of for any 
z G X. Indeed, for any a G h^^, 1 — a is invertible in since a is defined 
on an open neighborhood U of x, and 1 — a is invertible on U. 

Hence Nakayama's lemma implies the following lemma that we frequently 
use. 

Lemma 1.2.2. Let ^ be a locally finitely generated ^-module. 

(i) If ^ satisfies ^ = fi^ , then ^ = 0. 

(ii) Let f : jY — )■ ^ he a morphism of -modules. If the composition 
jY — )■ ^ — )■ ^ jfi^ is an epimorphism, then f is an epimorphism. 

For n G Z>o, set = jlf^^^s^. Note that there is an equivalence 
of categories between the category Mod(j24) and the full subcategory of 
Mod(=2/) consisting of modules ^ satisfying K^^^^ ~ 0. 

Lemma 1.2.3. Let n G Z>o. 

(i) An .G/n-TTiodule .jV is locally finitely generated as an s/n-'f^odule if and 
only if it is so as an si -module. 

(ii) An s/n -module jV is locally of finite presentation as an s/n-module if 
and only if it is so as an -module. 

(iii) An s/n-module JY is coherent as an s/n-fnodule if and only if it is so 
as an s/ -module. 

(iv) s/n is a left Noetherian ring. 

Proof. Note that since we have — ^ j sHiP''^^ ^ is an .^/-module locally 
of finite presentation. 

(i) is obvious. 

(ii) -(a) Let ^ be an ^-module locally of finite presentation and consider 
an exact sequence of j^^-modules as in fll.1.51) . Then ^ is locally finitely 
generated as an .cZ-module, jV is locally of finite presentation as an si- 
module and u is ^-linear. Hence, ^ is locally of finite presentation as an 
=2/ -module. 

(ii)-(b) Conversely assume that is an .c^-module which is locally of finite 
presentation as an j^Z-module. Consider an exact sequence of -cZ-modules as 
in fll.l.4p . Applying the functor ®^ ' , we find and exact sequence of s/n- 
modules as in (11. 1.41) . which proves that ^ is locally of finite presentation 
as an -module. 
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(iii) follows from (i) and (ii) since a module is coherent if it is locally finitely 
generated and any submodule locally finitely generated is locally of finite 
presentation. 

(iv) Let us prove that ^„ is a coherent ring. Since ^ is a coherent ring by 
the assumption, ^ is a coherent ^cZ-module. Using the exact sequences of 
^ -modules 

-)■ £/n-i A- ^0 0, 

we get by induction on n that ^ is a coherent ^-module. Hence (iii) implies 
that is a coherent ring. 

One proves similarly by induction on n that {^n)x is a Noetherian ring 
for all a; G X and that any filtrant family of coherent ^-submodules of a 
coherent j3^-module is locally stationary. Q.E.D. 

Lemma 1.2.4. Let U e^, and n>0. 

(i) For any coherent s^n-^nodule JV , we have H''{U; ^) = for k ^ 0. 

(ii) For any epimorphism jV — jY' of coherent s^^n-modules , ^{U) — )■ 
.yV'iJJ) is surjective, 

(iii) £^{U) — )■ £^n{U) is surjective. 

Proof, (i) is proved by induction on n, using the exact sequence 
(1.2.4) 0^h.J^ ^ .J^ ^ J^/hJ^ 0. 

(ii) follows immediately from (i) and the fact that is a coherent ring. 

(iii) By (ii), ^+i(f/) — ^(f/) is surjective for any n > 0. Hence, the 
morphism \^m.£/rn{U) ■^n{U) is surjective. Since the functor ^m com- 

m 

mutes with the functor V{U ; • ), .c/ {U) ^m .G/miU) and the result follows. 

m 

Q.E.D. 

Properties of 

Recall that ^/ satisfies ^HT^ and f fTXajl . 

Theorem 1.2.5. (i) £^ is a left Noetherian ring. 

(ii) Let ^ be a locally finitely generated -module. Then is coherent 
if and only if hJ^ ^ / h^~^^ ^ is a coherent £^o-module for any n > 0. 
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(iii) Any coherent -module ^ is h-complete, i.e., ^ ^ . 

(iv) Conversely, an =2/ -module ^ is coherent if and only if it is h-complete 
and h^^ /h^^^^ is a coherent s^Q-module for any n > 0. 

(v) For any coherent -module and any U G 23, we have H^{U ; ^) = 
for any j > 0. 

The proof of Theorem 11.2.51 decomposes into several lemmas. 

Lemma 1.2.6. Let ^ he a locally free £^ -module of finite rank and let J/ 
he an -suhmodule of ^ . Assume that 

(a) + h^)/h^ is a coherent s^Q-module, 

(b) c/T n C hJ^ + h^+''\5e for anyn>l. 
Then we have 

(i) ^ is a locally finitely generated -module, 

(ii) jY n h"^^ = for any n>0, 

(iii) n (-^ + ^"'^) = 

n>0 

Proof. First, let us show that 

(1.2.5) ^nh^ C hJY + for any n > 0. 

Indeed, fll.2.5p is trivial for n < 1. Let us argue by induction, and let > 2, 
assuming the assertion for n — 1. We have ,yV fl C ,yV fl {h,yV + h^~^^) = 
hjV + (^ n n"-i^) C hJ^ + {hJ^ + /l"^) by the assumption (b). This 
proves fll.2.5p . 
Set 

p|(^ + ;i"^). 

n>0 

Then jY djY and 

(1.2.6) J^n C hJ^. 

Indeed we have /l^ C (^ + K"^^^) n C ^ n + C 
hJ^ + = h{J^ + n"^) for any n. 
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Set 

^ = + h^)/h^ = {J^+ h^)/h^. 

By the hypothesis (a), ^ is ^-coherent. Hence we may assume that there 
exist finitely many sections Si of ^ such that ^ = where Sj is the 

image of Si in jh^ . 

By hypothesis (a) and Lemma ri.2.4l (ii). we have for any [/ G ®, jVilJ^ = 
^iM){U)si. Since ^{U) — )■ ^o{U) is surjective by Lemma [1.2.41 (iii), we 
have Jr{U) C ^. £^{U)si + h^{U). Since J^n /i^ = hJT, we have 

i 

For V G o4^(f/), we shall define a sequence {i'n}n>o in '^{U) and sequences 
{ai,n}n>o in -^{U), inductively on n: set Vq = v, and write 

i 

Hence we have IV^Vn = hP'tti^nSi + h"'~^^Vn+i and we obtain 

v = vo = "^C^ K'ai^n)si. 

i n>0 

Thus we have ^ = ^ Sj. Hence ^yV = J/ which proves (i) and (iii). 

Since JV fl = fijV by fll.2.6p . we obtain (ii) for n = 1. For n > 1 we 
have by induction .jV n K'S^ C n.jV n K'S^ = D C h ■ K'-^.jV. 

Q.E.D. 

Lemma 1.2.7. Let ^ be a locally free =2/ -module of finite rank, and let ,yV 
he an -submodule of Assume that {jV + /i"'~^^=Sf )//i"~^^=Sf is a coherent 
-module for any n > 0. Then we have 

(i) c/K is a locally finitely generated -module, 

(ii) n„>o(^+^"'^) = ^. 

(iii) locally, W'^ n C h{K'~^^ n J^) for n > 0, 

(iv) jV jW'J/ is a coherent -module for any ?i > 0. 
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Proof. We embed ^ into the £/[h^^]-modu\e K[h, h'^] ^j^^j if = [j^^^ K'^. 
Note that induces an isomorphism 

Since 

{jv n + ~ ((^ + p|(r^/r+i^) 

is ■^/-coherent, {(^ fl fr^.J/ + h^)lh^}n>o is an increasing sequence of 
coherent =e^-submodules of jfi^. Hence it is locally stationary: locally 
there exists tiq > such that S£ n fr'^.J/' + fiS£ = ^ n /l^""^ + for any 
ra > uq. Set 

(1.2.7) ^:==^nn-"«^. 
Then (./^ + /i=Sf ) / fi.^ is a coherent .c^-module and 

^ n c r n ^) c r + /i^) c + 

for any n > 0. Hence by Lemma [1.2.6t 

• jVq is locally finitely generated over =2/, 

• n (-^0 + ^"^) = ^0, 

n>0 

• ^ n = /i"^ for any n > 0. 

(i) Since jV n K'''^ = ^""^ by ffTXTIl . the module ^/^I'^o./^^ ~ ^/(^ n 

~ + n!"-'^)/K'^^ is ^/-coherent. Since fi'^o.yfj; is locally finitely 
generated over =2/, ^ is also locally finitely generated over =2/. 

(ii) We have 



n>rio 



c 






c 






c 


^4 




c 


^4 




c 


^4 
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(iii) For n > no, we have 

r^n^ c r«(^n;i-"«^) nr^ 

(iv) Since ^A" has no /i-torsion, we have the exact sequence 

^ ^/r^ 4 ^ ^//i^ ^ 0. 

Hence, it is enough to show that ^ /hjV is coherent. By (i), the images of 
and in ^ jW'S^ are coherent. Since JV fl C for some n, 
by (ii), we have the exact sequence 

-T-. 0, 



which imphes that JV jhjY is coherent. Q.E.D. 

Corollary 1.2.8. Assume that ^ is a locally finitely generated £/ -module. 

/h^^ is a coherent -module for all n > 0, then ^ is an -module 
locally of finite presentation and f] fiP-^ = 0. 

n>0 

Proof. We may assume that ^ = j ,JV for a locally free j^Z-module ^ of 
finite rank and ^ C ^ . From the exact sequence 

we deduce that {^J/ + h^^)/fi^^ is coherent for any n. Hence ^ is locally 
finitely generated by Lemma ll.2.7[ which implies that ^ is locally of finite 
presentation. Since {,yV + tiP'^) = jV by Lemma IL2.7[ 



n>0 



n>0 n>0 

vanishes. Q.E.D. 
Proposition 1.2.9. is coherent. 

Proof. Let be a locally finitely generated .cZ-submodule of Since 

the .^/-module J' jTiP'J' is coherent by Lemma 11.2.71 (iv). Hence Corol- 
lary [L2]H] implies that J' is locally of finite presentation. Q.E.D. 
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Lemma 1.2.10. Any filtrant family of coherent -suhmodules of is locally 
stationary. 

Proof. Let be a family of coherent J2/-submodules of ^ indexed by 

a filtrant ordered set /, with J^j C for any i < j. Then {{h^^J^i (1 ^ + 
h.i^) /h.i^}i^i^ k>o is increasing with respect to k and i E I. Hence locally 
there exist io and ko such that fr^^i fl =c/ + hs^ = hr^^J^i^ fl =s/ + for 
any i > io and k > ko- Then, for i > io, the ideal : = ^ (1 h"^°^i satisfies 

/i n c K^{n-'^-^°j^, n ^) c rr{h"'"'y, n ^ + ^i^) ch^, + fr+^.s/ 

for any m > 0. Hence Lemma 11.2.61 implies that fl = h Since 
we have C /i^ + /li?/, we have /i C + {Ji n /l^/) C /'io + h/i. 
Then Nakayama's lemma implies = ^ig, or equivalently, hr^^^i ^ = 
h~''°J^io n -c/ for i > io- Thus fl is locally stationary. Since 

{J^i/{J^i n h^°^)}i is a filtrant family of coherent submodules of ^o_i, it is 
also locally stationary and it follows that is locally stationary. Q.E.D. 

Lemma 1.2.11. For any x E X , s^^ is a coherent ring. 

Proof. Any morphism /: ^®"' — )■ ^ extends to a morphism /: — )■ 
for some open neighborhood U of x. Since := Ker/ is coherent, 
~ Ker / is a finitely generated ^-module. Q.E.D. 

Lemma 1.2.12. For any x E X and a finitely generated left ideal I of s^/^, 

I n = h{i n ^w^.) /or n > o. 

Proof. Let us take a coherent ideal J' oi defined on a neighborhood of x 
such that / = J^. Then Lemma OTl imphes that J^fl/i^+W = h{J^fi'^s^) 
for n > 0. Q.E.D. 

Lemma 1.2.13. For any x E X , is a Noetherian ring. 

Proof. Set A = s^r^. Let us show that an increasing sequence of finitely 

generated left ideals of A is stationary. Since {{h~^ln fl A + hA)/hA}n^k is 
increasing with respect n, k, there exist no and ko such that h^^InHA + hA = 
hr^^IriQ n y4 + hA for n > no and k > ko. For any n > no there exists k > ko 
such that hr'^In n /iA = ti{h~^In n A) by Lemma IL2.12[ Hence we have 

h-^in n A c n-'^/^ n (/i-'="/„o n A + M) c /i-'=''/„o n A + n M) c 

h~''°Ina r\A + h{h~^In n A). Since hr^In n y4 is finitely generated by Lemma 
11.2. 11^ Nakayama's lemma implies that h~^In r\ A = h~^°Ino H A. Hence 
h-''°InnA = h-^^In^nA for any n > no. Therefore In^h^^'A = h'">{h-'">InnA) 
is stationary. Since {In/ {In H h^°A)}n is stationary, {In}n is stationary. 
Q.E.D. 
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Thus, we have proved that =2/ is a Noetherian ring. 

Lemma 1.2.14. Let {^n}n>o be a projective system of coherent -modules. 
Assume that fV^^^^n = and the induced morphism ^n+i / -^n+i 

is an isomorphism for any n > 0. Then ^ := l^m^n is a coherent 

n 

-module and ^ jhiP''^^^ 'is an isomorphism for any n > 0. 

Proof. Since the question is local, we may assume that X G 23 and there 
exist a free K-module V of finite rank and a morphism V — )■ .y^o{X) which 
induces an epimorphism := ®^ V-^.y^o. Since ^n{X) 
is surjective and V is projective, we have a projective system of morphisms 
{V ^ .^niX)}^: 

^niX) ■ ■ ■■■^^ij'(xP=^ ^oiX), 

which induces a projective system of morphisms {=Sf ^n}n- Hence we 
may assume that there exists a morphism ^ — ^ such that the composition 
^ — )■ ^ — )■ ^0 is an epimorphism. Since =Sf — )■ ^n/^-^n -^o is an 
epimorphism, ^ — )■ ^„ is an epimorphism by Lemma 11.2.21 

Set X = and let ^ be the kernel of X ^ Set 

^ = l^^n- Then we have a commutative diagram with exact rows: 

n 











1 


1 


1 


-^0 



In the commutative diagram 





^ ^ -S^n+l ^ ^ 

^jYn -X ^J^n -0 
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the rows and the columns are exact. Hence the left vertical arrow ^/Ki+i 
^yf<n is an epimorphism. Therefore, ^n+i{U) — ^ ^n{U) is surjective for any 
f/ G 23, and ^V^iU) ^ Jim^(f/) ^niU) is surjective. Hence ^ ^ ^ 

m 

is an epimorphism for any n > 0, and {.yKi{U)}n satisfies the Mittag-Leffler 
condition. 

Thus in the following commutative diagram 

^{U) ^{U) J({U) 



-l^^(f/) ^\^^n{U) ^\^J^n{U) -0, 

n n n 

the bottom row is exact. Hence — ?• ^ ^ ^ ^ is exact. 
Since JV — jVn is an epimorphism, we have ^ jfiP-^^^ ~ Coker(c/K — )■ 
~ Coker(y(^, — )■ ~ Since M is locally finitely generated and 
^ jK^^^^ is coherent for any n > 0, ^ is coherent by Corollary 11.2.81 and 
Proposition OH Q.E.D. 

Proposition 1.2.15. Let ^ he a coherent £/ -module. Then we have the 
following properties. 

(i) ^ is h-complete, i.e., M ^ , 

(ii) jor any f/ G 53, H^{U]J^) = for any k > 0. 

Proof, (i) Since the kernel of ^ — )■ ^ is f] /i"^, the morphism ^ — )■ ^ 

is a monomorphism by Corollary 11.2.81 

Let us show that ^ — )■ ^ is an epimorphism. By the preceding lemma, 
^ is a coherent j^Z-module, and ^ jfi^ ~ ^ jfi^ . Hence Nakayama's 
lemma implies that ^ ^ is an epimorphism. 

(ii) For any f/ G 03, the map r(f/; JljK'^^^Jl) V{IJ\ J{ jK'J^) is surjec- 
tive, and H^ifJ]^ jK^^^ = for any A; > 0. Hence Lemma fl.1.61 implies 
(ii). Q.E.D. 

Corollary 1.2.16. Let ^ he an -module. If ^ satisfies the following 
conditions (i) and (ii), then ^ is a coherent -module. 

(i) ^ is h-complete, 

(ii) hb^^ jhb''^^^ is a coherent s^^-module for all n > 0. 



1.2. FORMAL DEFORMATIONS OF A SHEAF OF RINGS 



27 



Proof. Set = Then it is a coherent .^/-module by (ii), and 

l^im is a coherent ^-module by Lemma [1.2. 141 Q.E.D. 

n 

This completes the proof of Theorem I1.2.5I 

Lemma 1.2.17. Let ^ he a coherent -module without h-torsion. If 
^ jh^ is a locally free £^Q-module of rank r G Z>o, then ^ is a locally 
free £/ -module of rank r. 

Proof. We may assume that there exists a morphism of .eZ-modules f:^: = 
s^®"^ — )■ ^ such that ^ jfi.^ — )■ ^ jh^ is an isomorphism. Then, Nakayama's 
lemma implies that / is an epimorphism. Let JV be the kernel of /. Since 
M has no /l-torsion, we have an exact sequence — )■ jY jhjY — )■ £^ lh££ — )■ 
^ — )■ 0. Hence JV jfijV = and Nakayama's lemma implies =yf = 0. 
Q.E.D. 

The following proposition gives a criterion for the coherence of the pro- 
jective limit of coherent modules, generalizing Lemma 11.2.141 

Proposition 1.2.18. Let {^n}n>i be a projective system of coherent - 
modules. Assume 

(a) the pro-object "l^m" ^n/fi^n is representable by a coherent ^/o-module, 

n 

(b) the pro-object "l^m" Ker(o44 — > is representable by a coherent s^q- 

n 

module. 
Then 

(i) c/F := ^imo4^ is a coherent -module, 

n 

(ii) ^ "^im" ^njfi^^^^n for any k>0, 

n 

(iii) Ker(^ 4 ^) ^ "1^" Ker(^ 4 

n 

(iv) Assume moreover that for each n > 1 there exists k > such that 
h^-jVn = 0. Then the projective system {^n}n satisfies the Mittag- 
Leffler condition. 
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Proof. For any k > 0, set 

n 

Then is representable by a coherent ■cZ-module by hypothesis (a). We 
shall show that is representable by a coherent -module for all /c > by 
induction on k. Consider the exact sequences 

(1.2.8) ^ K^nl'h^^^'^n ^n/h''+^^n ^ ^n/h^n ^ 0, 

(1.2.9) Ker(^ 4 ^) ^ ^n/h'^^n ^ hJ^/h'^+^^n 0. 

Assume that S^k-i is representable by a coherent ^-module. Applying 
the functor "^im" to the exact sequence fll.2.9p . we deduce that the object 

n 

"^im" h^n/^^~^^^n is representable by a coherent ^-module. Then apply- 

n 

ing the functor "lim" to the exact sequence fll.2.8p . we deduce that is 

n 

representable by a coherent -cZ-module. 

Since — \iv[v^n/^^^^^n by Theorem 11.2.51 flilll) . we have 

k 

k,n k 

Since S^k+i/^^'^^'^k+i — -S^k-, Lemma [1.2.141 implies (i), (ii). The property 
(iii) is obvious. 

Let us prove (iv). By the assumption, jYn — "l^m" ^n/ti^'^n- Hence 

k 

"1^" J<a ~ "hm" ^//i^'^ ~ "lim" ^k- 

n k,n k 

Since {S^k}k satisfies the Mittag-Leffler condition, {.jVn}n satisfies the Mittag- 
Leffler condition by Lemma 11.1.21 Q.E.D. 

Remark 1.2.19. In Proposition ll.2.18l (iv). the condition h^Ji<n = (A; > 0) 
is necessary as seen by considering the projective system = /i"^/, (n G N). 

1.3 A variant of the preceding results 

Here, we consider rings which satisfy hypotheses fll.2.2p . but in which (11. 2. 31) 
is replaced with another hypothesis. Indeed, as we shall see, the ring ^^[[/i]] 
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of differential operators on a complex manifold X has nice properties, al- 
though does not satisfy f ll.2.3p . The study of modules over ^x[[h]] is 
performed in jT7] . 

We assume that X is a Hausdorff locally compact space. By a basis 03 
of compact subsets of X, we mean a family of compact subsets such that for 
any x & X and any open neighborhood U of x, there exists K E 'iB such that 
X e lnt{K) C U. 

We consider a K-algebra ^ on X and a section ^ of ^ contained in the 
center of s^. Set = ^ /hs/ . We assume the conditions f ll.2.2p and 

f 

(iv') there exist a base ^ of compact subsets of X and a 
prestack U (-> Modgd(M)|c/) (f^ open in X) such that 

(a) for any A' G ® and an open subset U such that K C 
f/, there exists i^' G ® such that C \nt{K') C 
i^' C f/, 

(b) U H- Modgd(^|c/) is a full subprestack of f/ h-> 
Modcoh(M)|c/), 

(c) for an open subset U and ^ G Modcohl-^^lfy), if -^ly 
g belongs to Modgd(M)lv) for any relatively compact 

I open subset of [/, then ^ belongs to Modgd(M) 1(7)5 

(d) for any open subset U oi X, Modgd(M)|f/) is stable by 
subobjects, quotients and extension in Modcoh(-^2^|;7), 

(e) for any K E any open set U containing K, 
any ^ G Modgd(M)|i/) and any j > 0, one has 
W{K-J() = 0, 

(f) for any ^ G Modcoh(M)|i/)5 there exists an open cov- 
ering U = [J-Ui such that ^\ui G Modgd(M)|c/J) 

(g) e Modgd(^o)- 

Note that Lemmas 0:2] and ITT^ still hold. 

The prestack U 1— ?■ Modgd(M)|c/) being given, a coherent module which 
belongs to Modgd(^|(/) will be called a good module. Note that in view of 
hypothesis (iv') (jfj), hypothesis (iv') (jgj) could be deleted since all the results 
of this subsection will be of local nature. However, we keep it for simplicity. 

Example 1.3.1. Let X be a complex manifold, the structure sheaf and 
let denote the C-algebra of differential operators. One checks easily that. 
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taking for 03 the set of Stein compact subsets and for the C-algebra !^x, 
the prestack of good ^x-niodules in the sense of [37] satisfies the hypotheses 

(im]). 

Definition 1.3.2. A coherent ^-module ^ is good if both the kernel and 
the cokernel of h: ^ — )■ ^ are good ^/o-modules. One denotes by Modgd(^) 
the category of good ^-modules. 

Note that an s^Q-modvSe, is good if and only if it is good as an -module. 
This allows us to state: 

Definition 1.3.3. An jz^-module ^ is good if it is good as an .^/-module. 

Lemma 1.3.4. The category Modgdi-^^) ^■^ subcategory ci/Modcoh(-^^) stable 
by subobjects, quotients and extension. 

Proof. First note that h"'^/h"'^^^ is a good j^o-Hiodule for any ^ G 
Modgd(^) and any integer n > 0. Indeed, it is a quotient of .M jfiM . 

For an ^/-module .yV , set ^ := Ker(^: .jV .J/). 

We shall show that any coherent -fsZ-submodule jV of a good .eZ-module 
^ is a good ^/-module. It is obvious that J/n, is a good i2^-module, because 
it is a coherent submodule oi^^i. We shall show that JY I{U.JV ^jVr\f^^^^) 
is a good ^-module for any /c > 0. We argue by induction on k. For A; = 0, 
it is a good J2^-module since it is a coherent submodule of ^ jh^. For 
/c > 0, we have an exact sequence 

+ ^ n fi'Ji 

^ + ^ n n^M ^ ■ 

Since {.jV fl f\!^J{^ / {,yV n hl'^^.y^) is a coherent submodule of ftJijf^^^Jl, 
it is a good ^/o-module. Since {h^ + ,yV (1 h'^^)/{hJ/ + ,vV D is 
a quotient of fl h}'J^)/{,^ fl the left term in (11. 3. 21) is a good 

£^-module. Hence the induction proceeds and we conclude that jV j{fi,jV + 
jV n h^^^^) is a good ^^Q-module. 

On any compact set, we have ^ fl h^'^^^ C /i./^^ for /c ^ 0. Hence, 
is a good (=e^|y)-module for any relatively compact subset V. 
Hence ^ belongs to Modgd(=s/) by (iv') 

Consider an exact sequence — ^ — )■ of coherent 

-modules. It gives rise to an exact sequence of coherent i^^-modules 
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If ^ is a good ^-module, then so is Hence the exact sequence above 

imphes that and h^" are good ^-modules. This shows that 

Modgd(^) is stable by quotients. 

Finally, let us show that Modgd(^) is stable by extension. If ^f^, ^f^, 
jh^' and jh^" are good -c^-modules, then so are and ^ jtiM 

by the exact sequence above. Q.E.D. 

Lemma 1.3.5. Let K E 03, and n > 0. 

(i) For any good s^n-'module JV , we have H^{K; ^) = for j ^ 0. 

(ii) For any epimorphism ^ — )■ of good s^n-'modules, ^{K) — ^'{K) 
is surjective. 

(iii) .i^{K) s^n{K) is surjective. 

Proof, (i) is proved by induction on n, using the exact sequence fll.2.4p . 

(ii) follows immediately from (i) and the fact that the kernel of a morphism 
of good modules is good. 

(iii) By (ii), ^n+i{K) — £/n{K) is surjective for any ra > 0. Hence 
^im(j24i(-f^)) -^n^K) is surjective. 

m 

For s e J^n{K), there exist G 55 and s' G £/n{K') such that K C 
Int(K') and s'\k = s. Then s' is in the image of l^m (^miLC')) — )■ £^n{K')- 

m 

Hence s is in the image of ^{K) — )■ because \im (^m{K')) — )■ 

£^n{K') — ^n{K) decomposes into 

]^{£/rniK')) \^{£/^{lnt{K'))) ~ (lut ( JST') ) ^ -(^{K) £^n{K). 
m m 

Q.E.D. 

The proof of the following theorem is almost the same as the proof of 
Theorem II. 2. 5[ and we do not repeat it. 

Theorem 1.3.6. Assume (n^2:2^ and (ITXTil . 

(i) £^ is a left Noetherian ring. 

(ii) Let ^ be a locally finitely generated -module. Then ^ is coherent 
if and only if fiP- j K^^^ ^ is a coherent £^Q-module for any n > 0. 

(iii) For any coherent -module M , M is h-complete, i.e., M M . 
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(iv) Conversely, an -module ^ is coherent if and only if ^ is h-complete 
and jW''^^^ is a coherent ^Q-module for any n > 0. 

(v) For any good -module ^ and any K ^ we have H^{K; ^) = 
for any j > 0. 

1.4 /i-graduation and /i- localization 

In this section, =2/ is a sheaf of algebras satisfying hypotheses (11.2.21) and 
either flLOj) or fITXT]) . 

Graded modules 

Let ^ be a Z[/l] -algebra on a topological space X. We assume that ^ has 
no ^-torsion. We set 

Definition 1.4.1. We denote by gr^^: D(^) — )■ D(^o) the left derived func- 
tor of the right exact functor Mod(e^) Mod(e^o) given by ^ f-^- M jtiM . 
For ^ G D(^) we call gr;-j(^) the graded module associated to ^ . 

We have 

L L 

gr;,(^) ~ ^o®«^ - ^x®j^^yr,\J^ ■ 

Lemma 1.4.2. Let ^ G D(^) and let a G Z. Then we have an exact 
sequence of ^Q-modules 

^ ^0 ii\J{) H^igi^X-^)) ^orfi^o, H^^^^)) 0. 

Although this kind of results is well-known, we give a proof for the reader's 
convenience. 

Proof. The exact sequence — )■ ^ — ^ ^ — )■ — )■ gives rise to the 
distinguished triangle 

^ ^ — y gr;j(^) > . 
It induces a long exact sequence 



1.4. h-GRADUATION AND h-LOCALIZATION 



33 



The result then follows from 

^0 H%^) ~ Coker {H%^) ^ H%^)), 
^orf(<^o,^"+^(-^)) - Ker(i7"+^(^) ^ 

Q.E.D. 

Proposition 1.4.3. (i) Let G D(^°p) anc? G D(^). Then 

(1.4.1) gr,(J^|,^jr2) ^ gr,(jri)|^^gr,(jr2). 

(ii) ZetJ^eD(^) (i = l,2). T/ien 

(1.4.2) gr,(R^om^(jri, Jr2)) ^ R^om„^,^(gr,(jri), gr,(jr2)). 
Proof, (i) We have 

L L L L 

gr^,(J^®^J^) ^ J^®^^®^^j^^jZx =i ^®^grr,(^) 
~ jri®^^o®„^„gr^,(=^2)) 
~ (jril.^^o)®^„gr,(=^2) 

L 

(ii) The proof is similar. Q.E.D. 

Proposition 1.4.4. Let f : X ^ Y be a morphism of topological spaces. Let 
J{ G D(Zx[^]) and jY G D(Zy[;i]). T/ien 

gr;^R/,^ ~ R/,gr^,^, 
gr J"^^ - /"^gifi^. 

Proof. This follows immediately from the fact that for a complex of Zx[^]- 

modules gr;j(^) is represented by the mapping cone of M A- M and 
similarly for Zy [/i]-modules. Q.E.D. 

Recall that .c/ is a sheaf of algebras satisfying hypotheses f ll.2.2p and 

either f ll.2.3p or f ll.3.ip . The functor gr^^ induces a functor (we keep the same 
notation): 

(1.4.3) gr,:DU=^)^D^„,(^o). 

The following proposition is an immediate consequence of Lemma 11.4.21 
and Nakayama's lemma. 
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Proposition 1.4.5. Let ^ G and let a G Z. The conditions below 

are equivalent: 

(i) H'^igT.i^)) ^ 0, 

(ii) H"-{^) ^ and H°-~^^(.^) has no h-torsion. 

Corollary 1.4.6. The functor gT^^ in f ll.4.3p is conservative (i.e., a morphism 
in DJ?qJj(=2/) is an isomorphism as soon as its image by gij^ is an isomorphism 

Proof. Consider a morpliism ip: ^ — )■ jV in D|?qi^(^) and assume tliat it 
induces an isomorphism gr;;(v9) : g^y-^f^) giffy^-J/^ in D{?qJj(=2^). Let ^ 

JV — j- ^ > be a distinguished triangle. Then gr^^^ ^ 0, and hence all 
the cohomologies of ^ vanishes by the proposition above, which means that 
^~0. Q.E.D. 



Homological dimension 

In the sequel, for a left Noetherian K-algebra we shall say that a coherent 
^-module 3^ is locally projective if, for any open subset U G X, the functor 

J^om^i^, '): Modcoh(e^|c/) ^ Mod(Kc/) 

is exact. This is equivalent to one of the following conditions: (i) for each 
X & X, the stalk is projective as an ^2,'- module, (ii) for each x G X, the 
stalk is flat as an ^^.-module, (iii) ^ is locally a direct summand of a 
free ^-module of finite rank. 

Lemma 1.4.7. A coherent ^-module ^ is locally projective if and only if 
^ has no h-torsion and gr^^ is a locally projective s^Q-module. 

Proof. We set for short A:= s^^. and Aq := {.-s/o)x- Note that Aq ^ g^n.^- 
Let P be a finitely generated A-module. 

(i) Assume that P is projective. Then P is a direct summand of a free A- 
module. It follows that P has no ^-torsion and gr^jP is also a direct summand 
of a free Ag-module. 

(ii) Assume that P has no /i-torsion and gr^jP is projective. Consider an exact 
sequence 0— j-A^— >-L— J-P— j-Oin which L is free of finite rank. Applying 
the functor gr^^ we find the exact sequence — gr^^A^ — ^ S^n.^ ~^ S^n^ ~^ 
and gr^jP being projective, there exists a map v: gif^L gr^A^ such that 
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vogTj^u = idgrj.Ar. Let us choose a map v. L ^ N such that gini'v) = v. Since 
gTfi^v o u) = idgr^AT, we may write 

V o u = id^v —hip 

where ip: N ^ N is an A-hnear map. The map id n —hip is invertible and 
we denote by tp its inverse. Then o v o u = id-N , which proves that P is a 
direct summand of a free A-module. Q.E.D. 

Theorem 1.4.8. Let d E N. Assume that any coherent ^Q-module locally 
admits a resolution of length < d by free ^^Q-modules of finite rank. Then 

(a) for any coherent locally projective -module 3^ , there locally exists a 
free -module of finite rank such that 0^ ® ^ is free of finite rank, 

(b) any coherent -module locally admits a resolution of length < d + 1 by 
free £/ -modules of finite rank. 

Proof, (a) It is well-known (see e.g., (SH Lem. B.2.2]) that the result in (a) 
is true when replacing ^ with Now, let be as in the statement. 
Then gr^^/^ is projective and coherent. Therefore, there exists a locally free 
^-module ^ such that gr^^ © g^s^ is free of finite rank over This 
implies that ^ (B ^ is free of finite rank over by Lemma 11.2.171 

(b)-(i) Let ^ G Modcoh(-2/) and let us first assume that ^ has no ?i-torsion. 
Since =2/ is coherent, there exists locally an exact sequence 

^ ^ ^d~i y ^0 ^ ^ ^ 0, 

the j2/-modules {0 < i < d — 1) being free of finite rank. Applying the 
functor gr^j, we find an exact sequence of =2^-modules and it follows that 
gT^{J^) is projective and finitely generated. Therefore J^f is projective and 
finitely generated. Let ^ be as in the statement (a). Replacing J^f and ^d-i 
with © ^ and ^d-i © ^ respectively, the result follows in this case. 

(b)-(ii) In general, any coherent .cZ-module ^ locally admits a resolution 
— )■ ^ — )■ ^ — )■ ^ — 0, where is a free ^-module of finite rank. Since 
^ has no ^-torsion, ^ admits a free resolution with length d, and the result 
follows. Q.E.D. 



Corollary 1.4.9. We make the hypotheses of Theorem 1.4.S\ Let be a 

complex of ^ -modules concentrated in degrees [a, b] and assume that 
is coherent for all i. Then, in a neighborhood of each x & X , there exists a 
quasi-isomorphism S^' .M' where is a complex of free -modules 
of finite rank concentrated in degrees \a — d — \,\)\. 

Proof. The proof uses [HI Lem. 13.2.1] (or rather the dual statement). Since 
we do not use this result here, details are left to the reader. Q.E.D. 
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Localization 

For a Zx [/i]-algebra with no /i-torsion, we set 

(1.4.4) ^'°^=Zx[n,ri]®^^[,]^, 

and we call the h-localization of e^. For an e^-module we also set 
^loc _ ^loc ^ ^ ^^[;^^ ^^^^^^^ 

Lemma 1.4.10. The algebra is Noetherian. 

Proof. Let T be an indeterminate. One knows by [571 Th. A. 30] that ^[T] 
is Noetherian. Since ~ ^/[T]/^/[T](T;i- 1), the result follows. Q.E.D. 

1.5 Cohomologically complete modules 

In order to give a criterion for the coherency of the cohomologies of a complex 
of modules over an algebra £^ satisfying fll.2.2p and either (11. 2. 31) or fll.3.ip . 
we introduce the notion of cohomologically complete complexes. 
In this section, is a Z[/i] -algebra satisfying 

(1.5.1) ^ has no /i-torsion. 

Recall that ^'"'^ := Z[^, fi'^] (gj^j^^j for an ^-module . 

Lemma 1.5.1. For J{,J{' e D''(^^°'=), we have 

Reborn ^io4^,^') ^ Re^om^(^,^')- 

, L 

Proof. We have ^'"''(g)^^ ~ Hence, 

Rjrom^i„e(^,^') ~ Reborn ^ioe(e!^^°'|).^^,^') 

~ R<^om^(^,^')- 

Q.E.D. 

The next result is obvious. 

Lemma 1.5.2. The triangulated category D(^^°^) is equivalent to the full 
subcategory ofD{^) consisting of objects ^ satisfying one of the following 
equivalent conditions: 
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(i) gr,(^) = 0, 

(ii) h: is an isomorphism for any integer i, 

L 

(iii) ^ — )■ ^ is an isomorphism, 

(iv) KJifom , ^) — )■ ^ is an isomorphism, 

(v) R^om^(^'°7^,^) ~ 0. 

Lemma 1.5.3. Let K he a Z[h]-module with projective dimension < 1. Then 
for any ^ G D(^), any open subset U and any integer i, we have an exact 
sequence 

Proof. We have a distinguished triangle 

RHom^j^j [K, r<^Rr(t/; J^)) RHom^j^j [K, RV{U] Jl)) 

RHom^j;-^] [K, r^^Rr(f/; J{)) . 

Since if'^RHom2j^j(ii', A^) = for any 7^ 0, 1 and any Z[^]-module iV, 
we have if^^^RHom^j^^j (i^", r^*Rr(f/; ^ 0. Hence we have an exact 

sequence 

^ i/^RHom^j^j [K, r<^Rr(t/; ^)) ^ i/^RHom^j^^, [K, Rr(t/; ^)) 

^ i/^RHom^j^^j [K, r^^Rr(f/; ^)) ^ 0. 

Then the result follows from 

ii-^RHom^f^] [K, r<*Rr([/; ^)) ~ (^^' ^*"^(^; -^)) 

and i7^RHom^[^] (K, r^^Rr(?7; ^)) ~ Hom^j^j {K, H'{U; J()) . Q.E.D. 
Recall that we set 

(1.5.2) .F:=^./f Ih^./f . 

n 

Lemma 1.5.4. Let ^ G Mod(^) and assume that ^ has no h-torsion. 



5ioc //S! ^loc / y/ \ ^ j?rr.A ( a^^oc 



38 CHAPTER 1. MODULES OVER FORMAL DEFORMATIONS 



(ii) Ker(^ — )■ ^) ~ Jifom , In particular, ^ is h-separated if 
and only if .J^om^i^^"", ^) ~ 0. 

(iii) Coker(^ — )■ ^) ^ In particular, ^ is h-complete if 
and only ^) ~ for j = 0,1. 

Proof. We have 

n 

~ lim. /////".// ~ .//. 

n 

Since RJfom^(e^'°'^/e^, ^^°^) ^ by Lemma [1.5.21 applying the functor 
R^om^(e^^°7e^, •) to ^ ^ ^ ^ ^i°7^ ^ 0, we obtain an 

isomorphism ^om^(^^°7^, ^i°7^) ^ ^fa;ty^^°7^, ^). Hence we 
obtain (i). 

By the long exact sequence associated with — )■ ^ — )■ — )■ S^}'^^ j^. — )■ 
0, we obtain 

^ ^fxty^'°7^, ^) ^ ^ 0, 

which reduces to 

^ ^om^(^'°^ Jl)^ ^ Jg^ Sxt\{^}''\ Ji) 0. 

Hence we obtain (ii) and (iii). Q.E.D. 

Consider the right orthogonal category to the full subcategory 

D(^'°'^) of D(^). By definition, this is the full triangulated subcategory 
consisting of objects ^ G D(^) satisfying Hom j-,^^-|(^, ^) ~ for any 
^ e D(^i°^) (see HD Exe. 10.15]). 

Definition 1.5.5. One says that an object ^ of D(^) is cohomologically 
complete if it belongs to D(^'°'^)^'". 

Proposition 1.5.6. (i) For ^ G D(^), the following conditions are equiv- 
alent: 

(a) ^ is cohomologically complete. 
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(c) lu^Ext^ {Z[h, h~^, H'{U; ^)) ^ for any x e X, j = 0,1 and 
any z G Z. Here, U ranges over an open neighborhood system of x. 

(ii) Rty^om^(^'°'^/^, ^) is cohomologically complete for any ^ G 

(iii) For any M G D(^), there exists a distinguished triangle 

with J{' G D(^'°=) and J{" G D(^'°=)^^ 

(iv) Conversely, if 

is a distinguished triangle with Jl' G D(e^'°'=) and Ji" G D(^^°'')^'", 
t/ien ~ Re^om^(e^'°^ ^) and ~ R^om^(^'°7^[-l], 

Proo/. (i) (a)<(^(b) For any ^ G D{M^°''), one has 

Hom^(^,^) ~ Hom^(^'°=®^^, ^) 

~ Hom^(^, Reborn ^(^^°^^)) 

and it vanishes for all ^ G D(^i°^) if and only if Rjeom ^{^^°^ , J{) ~ 0. 

(i) (b)<(=>(c) follows from Lemma [1.5.31 

(ii) Since ^^°^®^(^^°7^) ~ 0, we have 

R^om^(e^'°^ Re^om^(^^°7^, ^)) 

^ R^om„^(<^i°"|,^(^^°7^),^) ~ 0, 

and hence R=^om^(^'°'^/^, ^) is cohomologically complete. 

(iii) We have obviously R^om^(^i°^^) G D(^'°=). Hence the distin- 
guished triangle 

R^om^(^'°^^) ^ R=yrom^(^,^) ^ R=yfbm^(^'°7^[-1], ^) -^i^ 
gives the result. 

(iv) Since R^om ^(^'°^ ^") ~ 0, we have 

Ji' ~ R^om^(^'°^ ^') ^ R^om^(^'°^^), 
and hence Ji" ~ R^om^(^i°7^[-l], ^). Q.E.D. 
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Note that ^ ^ R=^om ^(^'°^ ^) is a right adjoint functor of the 
inclusion functor D(^'°'^) D(=^), and the quotient category D(^) / D(^'°'^) 
is equivalent to D(^i°'=)^^ 

Remark that ^ G is cohomologically complete if and only if its 

image in D(Zx[^]) is cohomologically complete. 

Corollary 1.5.7. Let ^ be an I^-module. Assume the following conditions: 

(a) ^ has no h-torsion and is h-complete, 

(b) for any x G X, denoting by the family of open neighborhoods of x, 
we have "lii^" H'{U; ^) for i ^ 0. 

Then ^ is cohomologically complete. 
Proof. For U open, we have the maps 

r{U;^) Ajimr(t/; ^)/rr(f/; ^) A l^r(f/; ^/r^) ~ ^) 

n n 

whose composition is the identity. Since 6 is a monomorphism, a is an iso- 
morphism and therefore r(f/;^) is /i-complete. Consider the assertion 

"lii^" E^t^ m% h-\H\U; J^)) - for j = 0, 1. 

This assertion is true for i = since T{U; ^) is ^-complete and is true for 
2 7^ by hypothesis (b). The same vanishing assertion remains true after 
replacing "lin^" with lin^. Applying Proposition 11.5.61 (i). we find that ^ is 

cohomologically complete. Q.E.D. 

Proposition 1.5.8. Let ^ G D(^) be a cohomologically complete object 
and a G Z. // if*(gr;j(^)) = for any i < a, then H^{^^) = for any 
i < a. 

Proof. The exact sequence 

implies that H\j^) H\j^) is an isomorphism for i < a. Hence 

r<'^^ G D(e^^°=) and we have Re^om^(^'°^ r<''^) ^ t<''^. By the 
distinguished triangle, 



R^om ^(e^^°^r<"^) ^ Re^om^(^^°^^) ^ Reborn ^ r^'^^) 




we have r<'^^ ~ R^om^(^'°^ r^"^)[-l] and they belong to D<"(<^) n 
D^"+^(e^) ~ 0. Q.E.D. 
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Corollary 1.5.9. Let ^ G D(^) he a cohomologically complete object. If 
gr;j(^) ~ 0, then ^ ~ 0. 

Proposition 1.5.10. Assume that ^ G D(^) is cohomologically com- 
plete. Then R^om^(^,^) G D(Zx[^]) is cohomologically complete for 
anyJ^eI){M). 

Proof. It follows from 

Q.E.D. 

We can give an alternative definition of a cohomologically complete mod- 
ule. 

Lemma 1.5.11. Let ^ G D{M). Then we have 

(i) R7r(("l^"^;i")|),^^) ~ R^om ^(^'°^^), 

n 

(ii) R7r(("l^"^/^;i")|),^^) ~ R^om^(^i°7^[-l],^). 

n. 

Proo/. It is enough to show (i). Set L = "lim"(^;i"). Note that L is fiat, 

n 

i.e., the functor L ®^ • from Mod(=!^) to Pro(Mod(=^)) is exact. 
One has the isomorphisms 

n 

~ l^^om^(^^-",^) 

n 

~ Jim ^om ^(e^^i"", ^) 

n 

~ lim(e^^'^®^^). 

n 

L 

It remains to show that R7r(L®^ • ) is the right derived functor of ^ i— 
\^{Mhr' ®^ ^\ Hence, it is enough to check that if ^ is an injective 

n 

L 

e^-module, then R7r(L®^-^) is in degree zero. Applying Lemma [1.1.51 with 
J^n = ^h"^ ®^ we find W{U;Rti{L®,^J^)) ^ for i > 0. Therefore, 

L 

RV(L®^^) ~ for i > 1. On the other hand, since {r(t/; ^n)}n satisfies 

L 

the Mittag-LefHer condition, we get that R 7r(L®^^) ^ 0. Q.E.D. 
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Hence, ^ is cohomologically complete if and only if the morphism ^ 



Proposition 1.5.12. Let f : X Y be a continuous map, and ^ G 
D(Zx[^])- //^ is cohomologically complete, then so is R/*^. 

Proof. It immediately follows from 

Q.E.D. 

1.6 Cohomologically complete ^-modules 

In this section, ^ is a K-algebra satisfying hypotheses fll.2.21) and either 
(USD or ffTXTD . 

Theorem 1.6.1. Let ^ G Y)^^^^^)- Then ^ is cohomologically complete. 

Proof. Since any coherent module is an extension of a module without h- 
torsion by an /i-torsion module, it is enough to treat each case. 

Assume first that ^ is an ^-torsion coherent -module. Since the ques- 
tion is local, we may assume that there exists n such that = 0. Then 
the action of h on the cohomology groups of Reborn ^) is nilpotent 
and invertible, and hence the cohomology groups vanishes. 

Now assume that ^ is a coherent ^-module without /i-torsion. Then 
Corollary II . 5 . 71 shows that ^ is cohomologically complete. Q.E.D. 

Corollary 1.6.2. If ^ G Dj?„h(=«^) arid yi^ G D(^), thenRJ^om , ^) 
is cohomologically complete. 

Proof. It is an immediate consequence of Proposition II .5. ITD and the theorem 
above. Q.E.D. 

In the course of the proof of Theorem 11.6.41 below, we shall use the fol- 
lowing elementary lemma that we state here without proof. 

Lemma 1.6.3 (Cross Lemma). Let ^ be an abelian category and consider 
an exact diagram in 



Rtt ( "Jim" /^n") ®^^) 



is an isomorphism. 



n 



X2 



X 



1 



Y 



Z 



1 



Z2. 
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Then the conditions below are equivalent: 

(a) Im(X2 ^ Zi) ^ lm{Y Z^), 

(b) Im(Xi ^ Z2) ^ Im(F ^ Z2), 

(c) Xi © X2 — y ^s an epimorphism. 
Theorem 1.6.4. Let M E D^{£^) and assume: 

(a) ^ is cohomologically complete, 

(b) gr,(^)eD+,Ko). 

Then, ^ G D^jj(,2/), and we have the isomorphism 

L 



for all i eIj. 



Proof. We shall assume fll.2.31) . The case of hypothesis (ll.3.ip could be 
treated with slight modifications. 

L 

RecaU that := /h''+^s^ and set ^„ = j^O^^, J/^ := W{J^n)- 

(1) For each n G N, the distinguished triangle £^ jlfsi — ^ ,2/ /h^^^£^ — y 
j hs^ ) induces the distinguished triangle 

(1.6.1) ^n-l — > -^n > -^0 > • 

This triangle gives rise to the long exact sequence 

(1.6.2) J/r" ^ll ^ ^tl 

from which we deduce by induction on n that is a coherent ^-module 
for any j and n > by using the hypothesis (b). 

(2) Let us show that 

"lim" Coker(^^' 4 J/^) and "lim" Ker(^^' 4 are 

(1-6-3) V \r 

locally representable for all j G Z. 
Consider the distinguished triangle: 

(1.6.4) ^0 ^ -^n+l ^ -^ra ^ • 
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It gives rise to the long exact sequence 

(1.6.5) ■ ■ ■ ^ ^0^- ^ ^0^- 



Now consider the exact diagram, deduced from (11. 6. 21) and (11.6.51) : 



^1.6.6) 



Here the commutativity of the triangle follows from the commutative diagram 



+ 1 



n+1 



n-1 

h 



Hence \m.{}p-'^_^ C Im(</?:^) C -^^q^^ ■ Therefore, the sequence {Im of 
coherent .cZ-submodules of ^"'^^ is increasing and thus locally stationary. 
It follows from (11.6.61) and Lemma [1.6.31 that 

^ g the decreasing sequence {lm{^J — )■ ^"')}n is locally station- 
ary for any j G Z. 

Since Coker(^^li 4 ^^■) ~ Im(^^' ^ ^^■) by ffTCT . we deduce that 



"1^" Coker(^^' A ^^■) ^ "Jim" Coker(^^li A ^^■) 



is locally representable. 



Since Ker(^ii A ^^) ~ V Im(^^-i ^ ^^"') by ffTOj) . 



we 



get that "hm" KeT{^J A ^■'') ~ "hm" Kei{J/'J_^ A ^"'') is locally repre- 

n n 

sent able. 

Therefore, we have proved (11.6.31) . Then by Proposition ll.2.1"H| Mm^J 



is a coherent ^-module and {^ji}n satisfies the Mittag-Leffler condition. 
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(3) Hence it remains to prove that H^{^) hm for any j. Set = 

n 

("Jim" £/n)^^^ G D+(Pro(Mod(i;/))) and = W ~ "1^" e 

n n 

Pro(Mod(^)). Lemma [1.5.11l imphes that 

Since the ^J's are coherent -cZ-modules, for any any f/ G ^, H\U ; = 
{i > 0) and {^ri{U)}n satisfies the Mittag-Leffler condition. Hence in the 
exact sequence 

^ Ri7r("l^" W~\U] ^^)) H\U] Rtt^^) ^ l^H\U] 0, 

n n 

the first and the last term vanish, and we obtain IV"k^^ = for any i > 
0. Let us show that lim by induction on j. Assuming 

n 

W{Ji() ^ for j < c, let us show that H^i^) ^ Jim By 

n n 

the assumption, H^{^) R7r(c/F*) for any i < c. Hence r^^^ 
R7r(r<^^')- Since ^ ^ Rtt^', we obtain r^'^^ ^ R7r(r^"^')- Hence 
taking the c-th cohomology, we obtain H'^{^) 'R^'kH^{^') ^ l^mcAQ^. 

n 

Q.E.D. 



The next result will be useful. 



Proposition 1.6.5. Assume that /h£/"^ is a Noetherian ring and the 

flabby dimension of X is finite. If ^ G D^(=e/) is cohomologically com- 

, L 
plete, then for any Ji" G DJ?„h(-^°^); object J/®^^ of B is 

cohomologically complete. 

Proof. By the assumption on the flabby dimension, there exists a G Z such 
that ^r^R^om^[^^](Z[n, h,-^], ^) = for any ^ G D^°(Zx[/i]) and any i > a. 
For any n G Z we can locally find a finite complex L of free j2/°P-modules 

L 

of finite rank such that there exists a distinguished triangle L®^^ — )■ 

L L 

G where G G D^"(Zx[^]). Since L®^J^ is cohomologically 
complete, i/*R=yfbm^(i;/^°^ ^®^^) ~ i7^R^om^(^/^°^ G) = for z > 

L 

72 + a. Hence o/T®^-^ is cohomologically complete. Q.E.D. 
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Flatness 

Theorem 1.6.6. Assume that^"^/h^"^ is a Noetherian ring and the flabby 
dimension of X is finite. Let ^ be an -module. Assume the following 
conditions: 

(a) ^ has no h-torsion, 

(b) ^ is cohomologically complete, 

(c) ^ jh^ is a flat -module. 
Then ^ is a flat -module. 

Proof. Let ^ be a coherent =2/°P-module. It is enough to show that we have 

L L 

H\jV®^^) = for any i < 0. We know by Proposition ll.6.5l that ,yVi^^^ 

L L 

is cohomologically complete. Since gTf^{,yV®^^) ~ {grf^^)i^^^{gij-^^) be- 
longs to D^°(Zx), we have ^h^^ G D^°(Z[^]x) by Proposition OS) 
Q.E.D. 

Corollary 1.6.7. In the situation of Theorem \1. 6. 6{f assume moreover that 
^ is a faithfully flat ^Q-module. Then ^ is a faithfully flat £^ -module. 

Proof. Let be a coherent =2/°P-module such that ^ ®^ ^ ^ 0. We have 
to show that ,yY ~ 0. By Theorem 11.6.61 we know that ^ is fiat, so that 

L 

®^ ^ ~ jV®^Ji . Therefore 

(gr;,^)|^^(gr;,^) - gYyi-^ ®^ ^) ~ 

and the hypothesis that ^ jfi^ is faithfully fiat implies that gr^j^/F ^ 0. 
Since JV is coherent, Corollary 11.4.61 implies that jV ~ 0. Q.E.D. 

Proposition 1.6.8. Assume fll.2.2p and fll.2.3p . Let U be an open subset of 
X satisfying: 

(1.6.8) U nV for anyV e^. 

Then for any coherent -module ^ , we have 

(i) WTui^) = for any Uy^O, 

(ii) Tu{^) ®^ ^ r[/(./#) is an isomorphism, 

(iii) Tu{£/) is a flat £/°^ -module. 
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Proof, (i) Since R"'Tu{^) is the sheaf associated with the presheaf V i— 
iy"(f/ nV;^), (i) follows from Theorem 031 M . 

(ii) The question being local, we may assume that we have an exact se- 
quence — !■ o/K ^ ^ ^ — )■ 0, where =^ is a free .^/-module of finite 
rank. Then, we have a commutative diagram with exact rows by (i): 

rc/(^) ®^ — - rt/(^) ®^ — - ^u{^) — - 

I 

r^(^) ^ Tu{J^) ^ 0. 



Since the middle vertical arrow is an isomorphism, Tu{-s^) ®^ ^ — 
is an epimorphism. Applying this to JV , Vjj^s^^ ®^ ,jV — )■ Vu{jV^ is an 
epimorphism. Hence, V\j{s^^ 0^ ^ Tui^^) is an isomorphism. 

(iii) By (i) and (ii), ^ i— )■ ru{^)^^^ is an exact functor on the category 
of coherent ^/-modules. It follows that for all x ^ X, the functor ^ i— )■ 
{ru{s2f))x(S)^ is exact on the category Modcohl-^/). Therefore, {ru^s^y)^ 
is a flat ^/^'P-module. Q.E.D. 

Remark 1.6.9. The results of this chapter can be generalized in the following 
situation. Let =2/ be a sheaf of rings on a topological space X and let J' be 
a both-sided sheaf of ideals of . We assume that: 

there exists locally a section s of ^ such that 3 as and 3 sa 
give isomorphisms J" . 

We set J2/o = ^/J^, £^{-n) = j^" c ^/ and £^{n) = RJ^om ^{^Z {-n) , £/) 
for n > 0. 

Then we have £/{n) C £^{n + 1), and £/ (n) ®£/ £^ (m) ~ £:/{n + m). 
We set = lii^=2/(n) and for an .^/-module we set ^{n) = 

n 

We say that ^ is ^^-torsion free if ^(—1) — )■ ^ is a monomorphism. 
Of course, is J^-torsion free. 

Finally, for an .^/-module ^ we set ^ := l^im Coker(^(— n) — )■ ^). 

n 

Instead of (11. 2. 21) . we assume 

(i) ^ ^ 

;i.6.9) <J 

(ii) =2^ is a left Noetherian ring. 

Under the assumptions (I1.6.9P and (ll.2.3p . all the results of this chapter hold 
with suitable modifications. 
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In particular, our theory can be applied when X = T*M is the cotangent 
bundle to a complex manifold M and £/ = (S'x{0) is the ring of formal 
microdifferential operators of order (see Section I^TT] for more details on the 
ring of formal microdifferential operators). 



Chapter 2 
DQ-algebroids 



2.1 Algebroids 

In this section, X denotes a topological space and recall that IK is a com- 
mutative unital ring. A K-linear category means a category such that 
Hom^(X, Y) is endowed with a K-module structure for any X, Y E 'i^, 
and the composition map Hom^(X, Y) x Hom^(y, Z) Homc^(X, Z) is K- 
bilinear for any X , Y , Z E One defines similarly the notion of a K-linear 
stack. 

The notion of an algebroid has been introduced in [35] . We refer to [18] for 
a more systematic study and to [H] for an introduction to stacks. Recall that 
a K-algebroid on X is a K-linear stack locally non empty and such that 
for any open subset U of X, any two objects of ^ (U) are locally isomorphic. 

If ^ is a K-algebra (an algebra, not a sheaf of algebras), we denote by A'^ 
the K-linear category with one object and having A as the endomorphism 
ring of this object. 

Let ^ be a sheaf of K-algebras on X and consider the prestack U i— )■ 
^(f/)+ [U open in X). We denote by ^/^ the associated stack. Then 
is a K-algebroid and is called the K-algebroid associated with The 
category ^^{X) is equivalent to the full subcategory of Mod(-2/°P) consisting 
of objects locally isomorphic to 

Conversely, if ^ is an algebroid on X and a G ^{X), then £/ is equiva- 
lent to the algebroid S'ndj^{a)~^ . 

For an algebroid ^ and a, r G ^(U), the K-algebras Snd^{(T) and 
Snd^{T) are locally isomorphic. Hence, any definition of local nature con- 
cerning sheaves of K-algebras, such as being coherent or Noetherian, extends 
to K-algebroids. 

Recall that for an algebroid =2/, the algebroid -2/°^ is defined by £^°^{IJ) = 
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(i^(t/))°P {U open in X). Then, if is a sheaf of K-algebras, (^°p) 



Convention 2.1.1. If ^ is a sheaf of algebras and if there is no risk of 
confusion, we shall keep the same notation ^ to denote the associated alge- 
broid. 

Note that two algebras may not be isomorphic even if the associated 
algebroids are equivalent. 

Example 2.1.2. Let X be a complex manifold, ^ a line bundle on X and 
denote as usual by the ring of differential operators on X. The ring of 
^-twisted differential operators is given by 



In general the two algebras and '3)x are not isomorphic although the 
associated algebroids are equivalent. The equivalence is obtained by using the 
bi-invertible module Qix ^ (see Definition 12.1.101 and Lemma 12.1.111 

below). 

Let ^ = {Ui}i(zj be an open covering of X. In the sequel we set Uij := 

Ui n Uj, Uijk ■■= Ui n Uj n Uk, etc. 

Consider the data of 

fa K-algebroid on X, 
(2 1 1) < 

^ ' ' ■' 1 CTj G s^{Ui) and isomorphisms ipij-. aj 



To these data, we associate: 

• fij : ^j\uij ^i\ui]-, the K-algebra isomorphism a i— )■ y^jj o a o ^ 

• ttijk, the invertible element of £^i{Uijk) given by ipij o ipj^ ° fik- 
Then: 



(2.1.2) 



fij o fjk = Ad{aijk) o fik on Uijk, 
o.ijkO'iki = fij{o,jki)aiji on Ujki- 



(Recall that Ad(a)(6) = aba"^.) 

Conversely, let ^i be K-algebras on U {i G /), let fij\ £^j\ui. 
G /) be K-algebra isomorphisms, and let aijk {i,j,k G /) be invertible 
sections of s^iiUijk) satisfying fl2.1.2p . One calls 

(2.1-3) ({-g^jie/, {/jjjjjG/, {0'ijk}i,j,k&i) 
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a gluing datum for K-algebroids on . The following result, which easily 
follows from [271 Lem 3.8.1], is stated (in a different form) in [36] and goes 
back to [28]. 

Proposition 2.1.3. Assume that X is paracompact. Consider a gluing da- 
tum (12.1. 3p on Then there exist an algehroid ^ on X and {o'i,(Pij}ij£i 
as in (I2.1.ip to which this gluing datum is associated. Moreover, the data 
(^, (Tj, ipij) are unique up to an equivalence of stacks, this equivalence being 
unique up to a unique isomorphism. 

We will give another construction in Proposition I2.1.13[ which may be 
applied to non paracompact spaces such as algebraic varieties. 

For an algebroid one defines the K-linear abelian category Mod{£/), 
whose objects are called ^-modules, by setting 

(2.1.4) Mod(i^) := FctK(^, 9Hor)(Kx)). 

Here n)toc)(Kx) is the K-linear stack of sheaves of K- modules on X and, 
for two K-linear stacks and FctK(^i, ^2) is the category of K-linear 
functors of stacks from =2/1 to U is the algebroid associated with a 
K-algebra A on X, then Mod(j2/) is equivalent to Mod(A). The category 
Mod(^ is a Grothendieck category and we denote by D(=2/) its derived cat- 
egory and by D^{^ its bounded derived category. 

For a K-algebroid =2/, the K-linear prestack U t— t- Mod{^\u) is a stack 
and we denote it by DJlod{^). 

In the sequel, we shall write for short "a G £/" instead of "a G ^{U) for 
some open set U" . 

Definition 2.1.4. An ^/-module ^ is invertible if it is locally isomorphic to 
s/, namely for any a G s^, the S'nd^ {a)-module ^{cr) is locally isomorphic 

to S'nd.af{a). 

This terminology is motivated by the fact that for an invertible module 

^, if we set ^ := (^n(/.^(^))°P, then ^om^(^,^) ®^ ^ ~ ^ and 

We denote by lnv{^) the full subcategory of Mod{^) consisting of 
invertible -cZ-modules and by 3nX){^) the corresponding full substack of 
Tlod{£/). Then we have equivalences of K-linear stacks =5/ 3nv{^°'^) 
and(^)°P. 

Recall that for two K-linear categories ^ and one defines their tensor 
product ^ ^ ^' by setting Ob(^ ^ ^') = Ob(^) x Ob(^') and 

Hom^^ ^,((M, M'), (iV, N')) = Hom^(M, N) «^ Hom^,(M', N') 
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for M,N e"^ and N, N' e Then ^ ^' is a K-linear category. 

For a pair of K-algebroids £/ and i?/', the K-algebroid £/' is the 

K-hnear stack associated with the prestack U i— )■ ^{U) ^'{U) {U open 
in X). We have 

Mod(£/ ^ ^ FctK(^, Mod{£/')). 

For a K-algebroid £/, Mod{£/ CSjj .2/°^) has a canonical object given by 

=5/ 8^ 9 (ct, fT'°P) ^ e^om ^(a', a) G mtoc)(Kx). 

We denote this object by the same letter £/. If ^ is associated with a K- 
algebra A, this object corresponds to A, regarded as an [A C?^ A°P)-module. 
For K-algebroids ^/i (z = 1, 2, 3), we have the tensor product functor 

(2.1.5) • ®.E/2 * • Mod(j2/i «^ ^2°^) X Mod(£/2 8^ 

Mod(i2/i ^^/3°P), 

and the M'om functor 

(2.1.6) ^om^^ (•,•): Mod(M ®^ s^^^f^ x Mod(^i ^ i<P) 

^Mod(^/2 8k-*4°'')- 

In particular, we have 

• ®^ • : Mod(i^°P) X Mod(^) Mod(Kx), 

^om^(-,-) : Mod(i:/)°P X Mod(^/) Mod(Kx), 
^om^(-,^/) : Mod(^)°P Mod(^/°P). 

Since Mod(i2/) is a Grothendieck category, any left exact functor from Mod(£/) 
to an abelian category admits a right derived functor. 

Now consider the tensor product in fl2.1.5p . It admits a left derived func- 
tor as soon as is K-fiat. Indeed, any ^ G Mod(^2 ® (■^^3)°p) is a quotient 
of an j2^-fiat module since there is an exact sequence 

sgHom(^,.^|c/) 

where V ranges over the family of open subsets of X and ^ G (^^2 ® 
(^/3)°P)°P(f/). (Recall that for a K-algebroid ^, £/°P(f/) is equivalent to 
ano(i^)(t/).) Note that S£ is ^2-flat since (^4)°? is K-fiat. 
The following lemma is obvious. 
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Lemma 2.1.5. Let and s^' he K-algebroids. To give a functor of alge- 
broids (p: s^' is equivalent to giving an {^Z' -module ^ which is 

locally isomorphic to sZ (i.e. for a G ^ and a' G sZ' , ^{a' ® o"°p) is locally 
isomorphic to Sndji/{a) as an (S'ndj^{a)°^ -module) . 

The (8) j2/°P-module ^ corresponding to ip is the module induced from 
the £/ ^/°P-module £/ hj ip ® ^/°p : £/' O ^/°p ^/ O i2/°P. 
The forgetful functor 

is isomorphic to ^ h- )■ ^ ®^ M . 

Let /: X — )■ y be a continuous map and let ,$2/ be a K-algebroid on Y . 
We denote by f~^s^ the K-linear stack associated with the prestack (3 given 
by: 

6(f/) = {(d, y) ; 1/ is an open subset of Y such that f{U) dV 

and a G sZ{yy\ for any open subset \J of X, 
Home(j,) ((a, V), (a', r'))) = r(t/; r^^om^(a, a')). 

Then f~^sZ is a K-algebroid. We have functors 

Mod(/-W) -^ModK), 
/~^: Mod(i:/) — > Mod(/-V). 

For two topological spaces and X2, let pj: Xi x X2 Xj be the 
projection. Let be a K-algebroid on Xj (i = 1,2). We define a K- 
algebroid on X\ x X2, called the external tensor product of sZ\ and by 
setting: 

We have a canonical bi-functor 

• Kl • : Mod(^/i) X Mod(^2) — ^ Mod(i2/i K ^2/2)- 

Bi-invertible modules 

The following notion of bi-invertible modules will appear all along these Notes 
since it describes equivalences of algebroids. 
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Definition 2.1.6. Let A and A' be two sheaves of K-algebras. An A A'- 
module L is called bi-invertible if there exists locally a section w of L such 
that A 9 a H-> (a ® l)w G L and A' 9 a' (-)■ (1 ® a')tf G L give isomorphisms 
of A-modules and A'-modules, respectively. 

Lemma 2.1.7. Let L be a bi-invertible A® A' -module and let u be a section 
of L. If A 3 a [a ® l)u & L is an isomorphism of A-modules, then 
A' 9 a' (1 ® a')u E L is also an isomorphism of A' -modules. 

Proof. Let w be as above. There exist a G A and b E A such that u = {a®l)w 
and w = {b ^ l)u. Then we have u = {ab ® l)u and hence ab = 1. Similarly 
w = {ba ® l)w implies ba = 1. Hence we have a commutative diagram 

L 

I a(gil 
L 

and we obtain the desired result. Q.E.D. 

Remark 2.1.8. Let A and B be two K-algebras and let L be an (A (g)i?°P)- 
module. Even if L is isomorphic to A as an A-module and isomorphic to 5°^ 
as a i?°P-module, L is not necessarily bi-invertible, as shown by the following 
example. 

Let I be an infinite set and take o G /. Set I* = I \ {o}. Then there 
exists a bijection v. I* ^ I. Set 

X = {a e Homgg^(/, /); a(o) = o}, 

Y = {be Homs^,(/, /); b{o) = o and 6(7*) C /*}. 

Set Z = X. Then X and Y are semi-groups and X acts on Z from the left 
and Y acts on Z from the right. Let v' & Z he the unique element extending 
V. Then idj G Z gives an isomorphism X Z {X 3 a ^ a E Z) and 
v' G Z induces an isomorphism Y Z {Y 3 b ^ v' ob E Z). Let A = K[X] 
and B = K[Y] be the semigroup algebras corresponding to X and Y. Set 
L = K[Z]. Then L is an {A ® -B°P)-module and L is isomorphic to A as an 
A-module and isomorphic to B°^ as an i?°P-module. Let u be the element of 
L corresponding to id/. Then u gives an isomorphism A 3 a ^ (a® l)-u G L. 
Since the image of B"^ 3 b ^ (1 ® 6)n G L is K.[Y] ^ L, L is not bi-invertible 
in view of Lemma 12.1.71 




However the following partial result holds. 
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Lemma 2.1.9. Let A and A' be ^-algebras and let L be an A® A' -module. 
Assume that L is isomorphic to A as an A-module and isomorphic to A' as 
an A' -module. If we assume moreover that Ax is a left noetherian ring for 
any x G X , then L is bi-invertible. 

Proof. Assume that A 3 a [a® l)u G L and A' 3 a' ^ {1 ® a')v G L are 
isomorphisms for some u,v ^ L. Set f = (a (8> l)u and m = (1 ® a')v. There 
exists a" G A such that (1 ® a')u = (a" ® l)u. Then we have m = (1 ® a')v = 
(1 (8) a') (a ® l)u = (a ® 1)(1 (X> a')u = {aa" ® l)u. Hence we obtain aa" = 1. 
Therefore the A-hnear endomorphism f : A 3 z ^ za" is an epimorphism 
{f{za) = z). Since A^ is a left noetherian ring, / is an isomorphism. Hence, 
a", as well as a, is an invertible element. Then the following commutative 
diagram implies the desired result: 

L 

L. 

Q.E.D. 

Definition 2.1.10. For two K-algebroids and j^/', we say that an {s^ ® 
^')-module ^ is bi-invertible if for any o" G =2/ and a' G =2/', ^{a ® a') is a 
bi-invertible S'nds/{cr) (fn(i.c//(o"')-module. 

Lemma 2.1.11. To give an equivalence s^' is equivalent to giv- 

ing a bi-invertible {s^' ® s^"^)-module. More precisely, the forgetful func- 
tor 9}toc)(^) — )■ 5[)ToD(-2/') is given by ^ ^ ^ ®^ ^ for a bi-invertible 
{s^' (g) s^"""^) -module S£ . 

Let ^ G Mod(-2/). We shall denote by Snd%,{^^ the stack associated 
with the prestack 6 whose objects are those of and t^^mg((T, a') = 
jrom]^(.^(c7),^(o-')) for a, a' G ^/(f/). Then M^{J{) is a K-algebroid 
and there exists a natural functor of K-algebroids — (Snd^{.y£). Note 
that ^ may be regarded as an ^n(iK(>^)-niodule. 

In particular, <f n(iK(^) is a K-algebroid, there is a functor of K-algebroids 
® ^"'^ — (S'nd^i^^), and =2/ may be regarded as an (fn(iiK(=2/)-module. 

Lemma 2.1.12. Let £/ and ,s/' be K-algebroids and let M G Mod(=2/), 
G Mod(=e/'). Assume that ^ and are locally isomorphic as K- 
modules, that is, for any a E and a' G s^' , M{a) and ^'(a') are locally 
isomorphic as Kx -modules. Then S'nd^{^) and S'nd^l^^') are equivalent 
as K-algebroids. 
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Proof. FoT a e and a' G s^', set ^(a' ® (t°p) = ,9^om^{^{a), ^'{a')). 
Then ^ is an {S'ndjji^^') <fn(iK(-^)°'')-niodule. By the assumption, ^ 
is a bi-invertible (<#'n(iK(^') <#'n(iK(.^)°P)-module. Hence we obtain the 
desired result. Q.E.D. 

Since Proposition 12.1.31 does not apply to algebraic varieties, we need an 
alternative local description of algebroids. 

Let = {Ui}iQi be an open covering of X. Consider the data of 



(2.1.7) 



a K-algebroid ^ on X, 



To these data, we associate 

• £^ := (gndj,/{ai), 

• := J^om^_^_^ {aj\u^., crj|[/^^.), (hence is a bi-invertible ^ 
module on f/j^), 

• the natural isomorphisms 

(2.1.8) a,jk : ^ij ^jk ^ ^ik in Mod(^i ® <p | u.^, ) • 

Then the diagram below in Mod(,0i ® •^i'^\uijki) commutes: 
(2.1.9) ^ij® ^jk ® ^ki — ^ik ® ^ki 



Conversely, let be sheaves of K-algebras on IJi [i G /), let be a bi- 
invertible s^i ® ^"''-module on ?7jj, and let ajj^ be isomorphisms as in (12.1. 8p 
such that the diagram fl2.1.9p commutes. One calls 

(2.1.10) ({^}ig/, {=Sfij}jjg/, {ajjfc}jj,/cg/) 

an algebraic gluing datum for K-algebroids on 

Proposition 2.1.13. Consider an algebraic gluing datum fl2.1.10p on ^ . 

Then there exist an algebroid on X and {cij, y^jjjjjg/ as in fl2.1.ip to 
which this gluing datum is associated. Moreover, the data {^,ai,ifij) are 
unique up to an equivalence of stacks, this equivalence being unique up to a 
unique isomorphism. 
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Sketch of proof . We define a category Mod{^x) as follows. An object ^ G 
Mod(^Y) is defined as a family {^i,qij}ijei with G Mod(^j) and the 
gjj's are isomorphisms 

Qij : (g)^^, ^ 
making the diagram below commutative: 



Hi 

Qik yy 



A morphism {^i, qji}i,jei {-^1, in Mod{^x) is a family of mor- 

phisms Ui'. — )■ ^[ satisfying the natural compatibility conditions. Re- 
placing X with U open in X, we define a prestack U i— )■ Mod(-2/^) and 
one easily checks that this prestack is a stack and moreover that Mod(^(7j 
is equivalent to Mod(^). We denote it by 03to()(^). Then we define the 
algebroid s^x as the substack of (OJto()(^))°P consisting of objects locally 
isomorphic to s^i on Vi. Q.E.D. 



Invertible algebroids 

In this subsection, (X, e^) denotes a topological space endowed with a sheaf 
of commutative K-algebras. Recall (see [HI Chap. 19 § 5]) that an .^-linear 
stack 6 is a K-linear stack (3 together with a morphism of K-algebras — )■ 
(fn(i(ide). Here, <fnc?(ide) is the sheaf of endomorphisms of the identity 
functor ide from © to itself. 

Definition 2.1.14. (i) An e^-algebroid ^ is a K-algebroid ^ on X en- 
dowed with a morphism of K-algebras — )■ S'nd{idi^). 

(ii) An ^-algebroid ^ on X is called an invertible ^-algebroid if 

(Snd^{a) is an isomorphism for any open subset U oi X and any a G 

We shall state some properties of invertible e^-algebroids. Since the proofs 
are more or less obvious, we omit them. 

For two e^-algebroids and ^^2, the ^-algebroid ®ag is defined 
as the e^-linear stack associated with the prestack (5 given by 

6(f/) = ^i(f/) X ^2(f/), 

^omg((ai,a2), (cri,(T2))) = M'om ^^[a\,ci'^) ®^ ^0771^^(0-2,0-2). 
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If and ^2 are invertible, then so is 

We have a functor of K-hnear stacks ^2 — ^ ^1 ^2- 

Note that 

If and 3^2 are two invertible ^-algebroids and F : ^1 — )■ 
3^2 is a functor of ^-linear stacks, then F is an equivalence. 

For any invertible ^-algebroid 0^ ^ 0^ i^"^ is equivalent 
to ^ as an ^-algebroid. 

The set of equivalence classes of invertible .^-algebroids has 
a structure of an additive group by the operation • ®,<^ • 
defined above, and this group is isomorphic to H^{X; 
(see [HUT]). Here denotes the abelian sheaf of invertible 
sections of 

For two invertible .^-algebroids ^1 and 0^2, there is a natural 
functor 

• ®^ • : Mod(^i) X Mod(^2) ^ Mod(^i ®^ ,^2), 
and its derived version. 
Invertible i^x-algebroids 

In this subsection, (X, ^x) denotes a complex manifold. As a particular case 
of Definition I2.1.14[ taking K = C and ^ = ^x, we get the notions of an 
i^x-algebroid as well as that of an invertible ^x-algebroid. 

Lemma 2.1.15. Any C-algebra endomorphism of <ffx is equal to the identity. 

Although this result is elementary and well-known, we give a proof. 

Proof. Let (p he a C-algebra endomorphism of iffx- For x G AT, denote by 
(fx the C-algebra endomorphism of ffx,x induced by ip and by tria; the unique 
maximal ideal of the ring ^x,x- Then (f^ sends rria; to m^, (p^ induces an 
C-algebra homomorphism u^'- ^x,x/'^x ^x,x/^x- Since the composition 
C ^x,x/'<^x ^x,x/^x C is the identity, we obtain that is the 
identity. Hence, for any / G ^x, vi.f)i.^) = /(^)- Therefore v^(/) = /. 
Q.E.D. 

Lemma 2.1.16. Let 0^ he a C-algebroid on a complex manifold X . Assume 
that, for any a G 0^ , S'nd^^i^a) is locally isomorphic to Gx as a C-algebra. 
Then 0^ is uniquely endowed with a structure of ffx-o.lgebroid, and 0^ is 
invertible. 



(2.1.11) 
(2.1.12) 

(2.1.13) 
(2.1.14) 
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Proof. By Lemma [2.1.15^ for an open subset U and a G ^{U), there exists 
a unique C-algebra isomorphism i^x\u S'ndi^{a). It gives a structure of 
^x-algebroid on The remaining statements are obvious. Q.E.D. 

Let be an invertible i^^'x-algebroid. For cr, a' G J3^{U), the two ^x- 
module structures on Jifom ^{a, a') induced by Sndge{a) ^ i^x and by 
Sndgs[a') ^ iffx coincide, and =^fbm^(cr, a') is an invertible i^x-niodule. 

Let / : X — )■ y be a morphism of complex manifolds. For an invertible 
^y-algebroid we set 

where the tensor product ®j-i^y is defined similarly as for K-algebroids. 
Then f* ^Py is an invertible i^x-algebroid. We have functors 

(2.1.15) /* : Mod(^y) ^ Mod(/*^y), L/* : D^(^y) ^ D''(/*^y), 

and 

^ ^ /!, /* : Mod(/*^y) ^ Mod(^y), 

Let f:X — y be a morphism of complex manifolds, and let ^Px (resp. 
!^y) be an invertible ^x-algebroid (resp. an invertible i^y-algebroid ). If 
/~^^y — )■ l^x is a functor of C-linear stacks, then it defines a functor of 
C-linear stacks f*^Y and this last functor is an equivalence by the 

preceding results. 

Remark 2.1.17. Invertible ^x-algebroids are trivial in the algebraic case. 
Indeed, for a smooth algebraic variety X, the group H^{X; iff^) is zero. Here 
the cohomology is calculated with respect to the Zariski topology. (With the 
etale topology, it does not vanish in general.) This result and its proof below 
have been communicated to us by Prof. Joseph Oesterle, and we thank him 
here. 

Let K be the field of rational functions on X, i^^, the constant sheaf 
with the abelian group as stalks, and denote by Xi the set of closed 
irreducible hypersurfaces of X. One has an exact sequence 

^ ^ ^ Zs ^ 0. 

Since is constant, it is a flabby sheaf for the Zariski topology. On the 
other hand the sheaf ^s^Xi is also flabby. It follows that W{X\ G^) is 
zero for j > 1. 
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2.2 DQ-algebras 

From now on, X will be a complex manifold. We denote hj 6x'- X X x X 
the diagonal embedding and we set Ax = Sx{X). We denote by the 
structure sheaf on X, by dx the complex dimension, by Qx the sheaf of 
holomorphic forms of maximal degree and by Qx the sheaf of holomorphic 
vector fields. As usual, we denote by ^x the sheaf of rings of (finite order) 
differential operators on X and by Fn{!^x) the sheaf of differential operators 
of order < n. Recall that a bi-differential operator P on X is a C-bilinear 
morphism x ~^ which is obtained as the composition o P 
where P is a differential operator on X x X defined on a neighborhood of 
the diagonal and is the restriction to the diagonal: 

(2.2.1) P{f,g){x) = (P(xi,X2;<93;i,9^2)(/(xi)^(x2))Ui=x2=x- 

Hence the sheaf of bi-differential operators is isomorphic to !^x ®&x ^x-, 
where both S^x are regarded as ^x-modules by the left multiplications. 

Star-products 

Notation 2.2.1. We denote by C'' the ring C[[/i]] of formal power series in 
an indeterminate h and by C''''°'^ the field C((^)) of Laurent series in h. Then 
(^h,\oc ig ^Yie fraction field of C^. 

We set 

ffx[[h]] ■= W ® {C'/h^'C) ~ n ^x^". 

n n>0 

Let us recall a classical definition (see [HllS]). 

Definition 2.2.2. An associative multiplication law * on is a star- 

product if it is C^'-bilinear and satisfies 

(2.2.2) f*g = Y,W,9W for G ^x, 

where the Pj's are bi-differential operators such that Po{f,g) = fg and 
Pi(/,1) = Pi(l,/) = for all / e and z > 0. We call (^x[[^]],^) a 
star-algebra. 

Note that 1 G ^x C is a unit with respect to -k. Note also that 

we have 



i>0 i>0 n>0 i+j+k=n 
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Recall that a star-product defines a Poisson structure on {X, Gx) by setting 
for G Gr. 

(2.2.3) {/, g) = Piif, g) - P,{g, f) = h~\f^g-g^f) mod hi?x P]], 

and that locally, (globally in the real case), any Poisson manifold (X, ^x) 
may be endowed with a star-product to which the Poisson structure is asso- 
ciated. This is a famous theorem of Kontsevich |46] . 

Proposition 2.2.3. Let -k and -k' be star-products and let ip: (^x[[^]],*) — ^ 
((^x[[^]], ^') be a morphism of C'^- algebras. Then there exists a unique se- 
quence of differential operators {Ri}i>o on X such that Rq = 1 and (p{f) = 
'Ylii>Q-^i{f)^^ /^^ ^''^y f G ^x- In particular, ip is an isomorphism. 

First, we need a lemma. In this lemma, we set -Foo(^x) = ^x- 

Lemma 2.2.4. Letl e Z>_iU{cx)}, andip G End^^{^x)- If[<P,g] G Fi{^x) 
for all g e ^x, then ip G Fi+i{^x)- 

Proof. We may assume that X is an open subset of C" and we denote by 
(xi, . . . , Xn) the coordinates. Set Pi = [(p, Xi]. Then 

[Pi,Xj] = [[ip,Xi\,Xj] = [[(p,Xj],Xi] = [Pj,Xi]. 

This implies the existence of P G Fi+i(^x) such that [-P, Xj] = Pi for all i. 
Setting ip : = If — P, we have 

Xi\ = for alH = 1, . . . , n. 

Let us show that ip G ^x- Replacing ip with 6 := ip — ipi^l), we get by 
induction on the order of the polynomials that 9{Q) = and [6, Q] = for 
all Q G C[xi, . . .,Xn]. Let / G ^x- We shall prove that 9{f){x) = for all 
X E X. It is enough to prove it for x = 0. Then, writing / = /(O) + Yli^ifi^ 
we get 

o{f) = ^(/(o))+5;]^(x./o = ^(/(o))+^(x.^(/.) + [^,x,]/.) 

i i 

i 

which vanishes at a; = 0. Q.E.D. 

Proof of Proposition \2.2.3[ Let us write 

(2.2.4) y,(/) = 5^nVi(/), /G^x. 

i>0 
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By Lemma 12.1.151 (fo = 1. We shall prove by induction that the </)j's in 
f l2.2.4p are differential operators and we assume that this is so for all z < n 
for n G Z>o. 

Let {Pi} and {-P/} be the sequence of bi-differential operators associated 
with the star-products -k and V, respectively. We have 

j>0 i,j>0 
i>0 jGN i,j,k>Q 

Since </?(/ * fi-) = vU) we get: 

(2.2.5) ^ ^,(P, (/,(?))= ni^^if).V^A9))- 

n=i+j n=i+i+k 

By the induction hypothesis, the left hand side of fl2.2.5p may be written 
as ifnifg) + Qn{f,g) where Qn is a bi-differential operator. Similarly, the 
right hand side of (12.2.51) may be written as (Pn{f)g + f^n{g) + Rn{f,g) 
where P„ is a bi-differential operator. For any g G ^x, considering g as an 
endomorphism of ^x, we get 

[^n,g]{f) ■=Vn{fg) - gVnif) = fVn{g) + Sn{f), 

where Sn is a differential operator. Then, the result follows from Lemma [2. 2. 41 

Q.E.D. 

DQ-algebras 

Definition 2.2.5. A DQ- algebra on X is a C'^-algebra locally isomorphic 
to a star- algebra ((^x[[^]],*) as a C''- algebra. 

Clearly a DQ-algebra satisfies the conditions: 



(2.2.6) < 



(i) h: ^ ^ ^ is injective, 

(ii) ^ hm ^ jhP-s^ is an isomorphism, 

(iii) £^ I hs^ is isomorphic to Gx as a C-algebra. 



For a C'^-algebra satisfying (12.2.61) . the C-algebra isomorphism 
Gx in (I2.2.6P (!iiT|) is unique by Lemma B.1.15[ We denote by 

(2.2.7) Oq: ^ Gx 
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the C^'-algebra morphism ^ jfis^ Gx- If is a C-hnear sec- 
tion of (Jq: ^ — )■ Gxi then extends to an isomorphism of C''- modules 
^: GxW\\ ^ -s/, given by = E.^(/.)^^ 

Definition 2.2.6. We say that a C-hnear section ip: ffx — ^ of =2/ — Cx 

is standard if there exists a sequence of bi-differential operators Pi such that 

(2.2.8) ^{f)m = E V'(^^(/' ^))^' ^ ^ 

Consider a standard section ip: Gx oi ^ 0x- Define a star- 

product * on by setting 

f^g = ^ Pi{f, g)K for any f,ge Gx- 

Then we get an isomorphism of C'^-algebras 

(2.2.9) (^^P]],^) 

We call (p in f l2.2.9p a standard isomorphism. 

Hence, a DQ-algebra is nothing but a C'^-algebra satisfying f l2.2.6p and 
admitting locally a standard section. 

Remark 2.2.7. We conjecture that a C'^-algebra satisfying fl2.2.6p locally 
admits a standard section. 

Let ^ he a. DQ-algebra. For f,gE Gx, taking a, b & £/ such that 
o"o(a) = / and (Jo{b) = g, we set 

(2.2.10) {f,g} = ao{h~\ab-ba)) G Gx- 

Then this definition does not depend on the choice of a, 6 and it defines a 
Poisson structure on X. In particular, two DQ- algebras induce the same 
Poisson structure on X as soon as they are locally isomorphic. 

By Proposition I2.2.3[ if p, p>' : Gx ^ are two standard sections, then 
there exists a unique sequence of differential operators {Ri}i>Q such that 

^'(/) = E.>o f^MHf)) for any f E Gx. 

Clearly, a DQ-algebra satisfies the hypotheses f ll.2.2p and fll.2.3p . Hence, 
a DQ-algebra is a right and left Noetherian ring (in particular, coherent). 

Lemma 2.2.8. Let ^ be a DQ-algebra. Then the opposite algebra =e/°P is 
also a DQ-algebra. 



Proof. This follows from f l2.2.2p . 



Q.E.D. 
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Let X and Y be complex manifolds endowed with two star-products -kx and 
-ky Denote by {Pi}i and {Qj}j the bi-differential operators associated to 
these star-products as in (12.2. 2p . Let Pi Kl Qj be a bi-differential operator on 
X xY defined as follows. Let us take differential operators Pi{xi,X2, d^^ , 8x2) 
and Qjiui, 1/2, <9yi, dy^) corresponding to Pi and Qj as in (12.2. II) . Then we set 

{P,MQ,){f,g){x,y) 
= (Pi(xi, X2, 9^1, <9^2)Qj(2/i, 2/2, dy„dy2){f{xi, yi)g{x2, ^2))) \l\TylZy- 

Hence, Pi Kl is the unique bi-differential operator on X x Y such that 
{P,^Q^){h{x)gM.f2{x)g2{y)) = P,(/i(x), ^(x)) ■ Qjigiiy), g2iy)) for any 
U{x) e and ^^(y) e (z/ = 1,2). 

One defines the external product of the star-products -kx and -ky on 
|^xxy[[^]] by setting 

f^g = J2h'^ J2 {P^MQ^){f,g). 

n>0 i+j=n 

Hence: 

Lemma 2.2.9. Let X and Y be complex manifolds, and let s^x be a DQ- 
algebra on X and s^y a DQ-algebra on Y . Then there exists a DQ-algebra 
on X xY which contains s^x ^c" '^^ ^ VP-subalgebra. Moreover such 
an is unique up to a unique isomorphism. 

We call the external product of the DQ-algebra ^x on X and the 
DQ-algebra £/y on Y, and denote it by ^/x^^y- 

Remark 2.2.10. (i) Any commutative DQ-algebra is locally isomorphic 
to where -k is the trivial star-product f -k g = fg. 

(ii) For the trivial DQ-algebra ^x[[^]], "we have 

s^ut^._,,^{ffxm]) ^ h&xm] ■.= i[h^ex, 

n>l 

(recall that Qx is the sheaf of vector fields on X) and we associate to 
V := '^n>i fi""^n the automorphism / exp(t>)/. 

The ring ^x another construction for DQ-algebras 

We define the C^-algebra 

n n>0 
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Then ^x[[fi]] has a ^x[[^]]-module structure, and &x[[fi]] C ^ndch{ffx[[f>]])- 
Let be a DQ-algebra. Choose (locally) a standard section (yj giving 
rise to a standard isomorphism of C'^-modules ip: -^x- This last 

isomorphism induces an isomorphism 

(2.2.11) $: <fn(ic''(^xp]]) ^ '^ndc'^(j^x)- 

Definition 2.2.11. Let ^x be a DQ-algebra and let be a standard section. 
The sheaf of rings !^x is the C'^-subalgebra of S'nd£h{£/x), the image of 
^xiM C Mchi^xiM) by the isomorphism $ in f l2.2.1ip . 

It is easy to see that C (ffndci^{£/x) does not depend on the choice 
of the standard section ip in virtue of Proposition 12.2.31 Hence is well- 
defined on X although standard sections only locally exist. 

By its construction, we have ^ Moreover, the 

n 

image of the algebra morphism s^x ® ■^x' ~^ 'S'ndch{^x), as well as the one 
of Sx^.s/xxX'^ — ^ S'ndch{£/x) is contained in . Hence we have algebra 
morphisms 

^X ® ■^X'^ Sx^-S^XxX" ^x- 

We shall show how to construct a star-algebra from the data of sections 
of ^x[[^]] satisfying suitable commutation properties. 

Let s^x '■= {^x[[fi]],'*^) be a star-algebra. There are two C^-linear mor- 
phisms from to given by 

(2.2.12) $':/^/^, 
Hence, for / G ^x, "we have: 

i>0 i>0 

Then ¥ : £^x ^ ^xM] and $^ ^x[M are two C'^'-algebra 

morphisms, and induce a C'^-algebra morphism ^/x ® s^'^ 

Assume to be given a local coordinate system x = (xi, . . . , Xn) on X and 
for 2 = 1, . . . ,n, set $'(xi) = Ai and $^(xi) = Bi. Then {Aj, i?j}jj=i_..._„ are 
sections of ^x[[^]] which satisfy 

(A{l) = B,{l) = Xi, 

(2.2.13) <Ai = Xi mod h^x[[h]], Bi = Xi mod h^x[[h]], 
[[A,5,] = 0(2,j = l,...,n). 

Conversely, we have the following result. 
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Proposition 2.2.12. Let {Ai^ Bj^i j^i r^ he sections of ^^x^^ which satisfy 
fl2.2.i:-ip . Define the subalgebra s^x C ^x[[h]] by 

(2.2.14) ^x = {ae^xim ; [a,Bi] = 0,i = l,...,n} 

and define the C^^ -linear map tp: s^x ~^ by setting 4j{a) = a(l). Then 

(a) ip is a £P-linear isomorphism, 

(b) the product on given by ip{a) -k%l){h) := il){a ■ b) is a star-product, 
s^x is a DQ-algebra and is a standard isomorphism, 

(c) the algebra =2/^^ is obtained by replacing Ai with Bi {i = 1, . . . ,n) in the 
above construction. 

Proof (a)-(i) £/x n h^x[[^]] = ^s^x, since [ha.Bi] = implies [a, B,i\ = 0. 
Hence we have s^xl^^-s^x C ^x\^l^^3lx\^ for any j. 
(a)-(ii) s^x l^s^x/h^-^x- Indeed, let a = J2ilo^''^i assume that 
j 

k 

h'ai, Bi] = mod h''+^ {l = l,...,n) 
for all keN. Then [a, Bi] = ior I = 1, . . . ,n. 

(a)-(iii) Let ^pj: hP s^x/K'^^s^x — >■ hWx/fV^^^x be the morphisms induced 
by ip. By (a)-(ii) it is enough to check that all V'j's are isomorphisms. Since 
all W s^xl^^^^ ^x are isomorphic and all h? x / ^ x are isomorphic, we 
are reduced to prove that ip^ : .i^x / h^^x ^x is an isomorphism. 
(a)-(iv) %pQ is injective. Let oq G ■i^x/h.-i^x C ^x- Since [ao,Xj] G h^x[[^]] 
implies [ctoi^;,] = 0, we get Oq G ^x- Therefore, ao(l) = implies Oq = 0. 

(a) -(v) ipQ is surjective. Let y = {yi, . . . , y^) be a local coordinate system on 
a copy of X. Notice first that the sections yi — Ai of ^xxy [[^]] are invertible 
on the open sets {yi 7^ Xi}. Let /(xi, . . . , G ^x- Define the section G{f) 

oi^xM] by 

(2.2.15) G{f) = -i- / f{y)iy, - A.y' ■ ■ ■ (y„ - A,,)-' dy,--- dy^ . 

(27r«)" / 

Then [G{f),Bi] = for all i. It is obvious that G{f) ~ f E h&x[M and 
MG{f)) = f. 

(b) Clearly, the algebra (^x[[^]],*) satisfies Moreover, / ^ G{f) 
is a standard section since there exist Pi{f) G {i G N) such that 
^(/) = and -Pi(/) is obtained as the action of a bidifferential 
operator Pj on /. 

(c) follows from = {6 G ^nc?cft(=s/x); [b, s^x] = 0}. Q.E.D. 
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Example 2.2.13. Let M:= {ajj}i.j=i,...,n be an n x n skew- symmetric matrix 
with entries in C Let X = C" and consider the sections of ^x[[^]]: 

j j 

Then {Aj, -Bj}jj=i,...,n satisfy fl2.2.13p . thus define a DQ-algebra s^x- Note 
that the Poisson structure associated with the DQ-algebra s^x is symplectic 
if and only if the matrix M is non-degenerate. 

2.3 DQ-algebroids 

Let us introduce the notion of a deformation quantization algebroid, a DQ- 
algebroid for short. 

Definition 2.3.1. A DQ-algebroid ^ on X is a C'^-algebroid such that for 
each open set U C X and each a G s^{U), the C^'-algebra S'nd^{a) is a 
DQ-algebra on U. 

Note that a DQ-algebroid is called a twisted associative deformation of 
^x in [M]. 

By (12.2. lOp . a DQ-algebroid on the complex manifold X defines a 
Poisson structure on X. It is proved in that, conversely, any complex 
Poisson manifold X may be endowed with a DQ-algebroid to which this 
Poisson structure is associated. 

According to Convention 12.1.11 if .c/ is a DQ-algebra, we shall often use 
the same notation ^ for the associated DQ-algebroid. 

Note that any DQ-algebroid ^ on X may be obtained as the stack associ- 
ated with a gluing datum as in fl2.1.3p . where the sheaves s^i are DQ-algebras. 

Let ,2/ be a DQ-algebroid on X. For an ^module the local notions 
of being coherent or locally free, etc. make sense. 

The category Mod(^ is a Grothendieck category. We denote by D(j2/) 
its derived category and by its bounded derived category. We still call 

an object of this derived category an =«2^module. We denote by D^^^{s^ the 
full triangulated subcategory of D^{£/) consisting of objects with coherent 
cohomologies. 

Opposite structure 

If X is endowed with a DQ-algebroid ^x, then we denote by X°- the manifold 
X endowed with the algebroid ^x^, that is: 

(2.3.1) ^x- = ^x- 
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This is a DQ-algebroid by Lemma [2. 2. 81 
External product 

Assume that complex manifolds X and Y are endowed with DQ-algebroids 
and respectively. By Lemma [2. 2. 9[ there is a canonical DQ-algebroid 
s^x^-^Y on X X y locally equivalent to the stack associated with the external 
product ^x^-^Y of the DQ-algebras and there is a faithful functor of C'*- 
algebroids 

(2.3.2) j^x^-i^Y ^ ^/xMM-, 
which induces a functor 

(2.3.3) for: Mod(^/xMM-) ^ Mod{£/x ^ ^y)- 
When there is no risk of confusion, we set 

£^XxY ■= S^X^S^Y- 

Then s^xxy belongs to Mod(i3*xxy ® {■^X'^ ^ £^y°-)) and the functor for ad- 
mits a left adjoint functor i— )■ s^xxy ®s^^^sgy 

for 

(2.3.4) Mod(^xxy)^^Mod(i^xK^y)- 
We denote by the bi- functor £^xxy ® (• Kl •): 

(2.3.5) 'M' : Mod{£/x) ^Modi^/y) -^Mod{£/xxY)- 
Lemma 2.3.2. If ^ is an s^x-'^odule without h-torsion, then the functor 

J^n' : Mod(^/y) Mod(^/xxy) 

is an exact functor. 

Proof. We may assume that s^x and s^y are DQ-algebras. Hence it is enough 
to show that for any (x, y) G X x F, setting jV := s^xxY ®s^^ ^ ^ix,y) is 
a fiat module over -c^y- We may assume further that ^ is a coherent 
module without ^-torsion. For any Stein open subset U, let pu: U xY^Y 
he the projection. Set '■= {pu)*{{-^xxy -^)|;7xy)- Then it is easy to 
check the conditions (a)-(c) in Theorem 11.6.61 are satisfied ((c) follows from 
the ^-module version of this lemma), and we conclude that cAu is a flat 
=2^^-module. Hence, ^(x,y) — l}^{^u)y is a fiat (.2^^)y-module. Q.E.D. 
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Hence the left derived functor 

L 

. ^ . 

satisfies ^'^jV' as soon as or JV' is a complex 

bounded from above of modules without ^-torsion. 

Graded modules 

For a C'^-algebroid ^ on X, one denotes by gTfi{j3^) the C-algebroid associated 
with the prestack & given by 

Ob(6(f/)) = Ob(^(f/)) for an open subset U of X, 
Homg^^^((7, cr') = B.om^{a,a')/hB.om^{a,a') for a, a' G ^{U). 

Let now be a DQ-algebroid on X. Then it is easy to see that gTfj{^x) is an 
invertible (^^-algebroid and that we have a natural functor si/x ff^ni-^x) 
of C-algebroids. This functor induces a functor 

(2.3.6) for: Mod(gr^,(i;/x)) ^ Mod{£/x)- 

The functor /or above is fully faithful and Mod{gT}^{^x)) is equivalent to the 
full subcategory of Mod(=2^) consisting of objects M such that h: M ^ M 
vanishes. The functor /or: Mod(gr;j(,e^)) — >■ yiod^s^x) admits a left adjoint 
functor M i— )■ M/ KM ^ C CS^a M . The functor for is exact and it induces a 
functor 

(2.3.7) for: D(gr,(^x)) ^ D(^x). 

Remark 2.3.3. The functor in fl2.3.7p is not full in general. Indeed, choose 
X = pt, £^x = and L = C'^/hC^ viewed as a gr;j(y4)-module. Then 

Homo.(c.)(/or(L),/or(L[l])) ^ CV^C^ 
Homj3b(c)(^,^[l]) ^0. 
It could be also shown that this functor is not faithful in general. 

One extends Definition 11.4.11 to the algebroid £/x- As an {^x ® s^x°)- 
module, g^f^^s^x) is isomorphic to '^^^nS^x — s^x/f^-^x- We get the functor 

(2.3.8) gr,: D(^x) ^ D(gr,(i^x)), ^ ^ gif,{^x)®^^^ ^ c|^,^. 

Note that Lemma ri.4.2l Pr op osit ions 1 1 . 4 . 3) and fL475l as well as Corollary 1 1.4. 6 1 
still hold. Moreover 
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Corollary 2.3.4. Let ^ G V)\^^{.s^x)- Then its support, Supp(^), is a 
closed complex analytic subset of X . 

Proof. By Corollary II. 4. 6^ Supp(^) = Supp(gr;j(^)). Since gr^j(^) G 
^mhis^hi-^x)) and gr^l^x) is locally isomorphic to the result follows. 
Q.E.D. 

Let dx denote the complex dimension of X. Applying Theorem II. 4. 8[ we 

get 

Corollary 2.3.5. Let s^x be a DQ-algebra and let ^ G Modcoh(-^26c)- Then, 
locally, ^ admits a resolution by free modules of finite rank of length < 
dx + l. 

Proposition 2.3.6. The functors gr^^ in f l2.3.8p and for in fl2.3.7p define 
pairs of adjoint functors (gr^,, /or) and (/or, gr ;,[—!]). 

Proof. Consider a pair {B, C) in which either B = s^x and C = gTf^{^x) or 
B = gifjf^x) and C = ^x, and let K he a (5, C)-bimodule. We have the 
adjunction formula, for M G D^{B) and N e'D{C): 

(2.3.9) Homo(^)(/s:®pA^,M) Rom j^^^^{N,RJifom ^{K, M)). 

(i) Let us apply formula fl2.3.9p with B = gr^^^s^x), C = s^x and K = 
grf^{afx) considered as a (gr;j(,2^), ■2/x)-bimodule. We get 

L 

Horn Bigr,is^^))iS^Wx)^,^^-^ , ^) 

- Hom D(^_^)(^, RJfbmg^^(^^)(gr;,(j2/x), ^)), 

and when remarking that RJ^om ^^^f^^^-^{gr ^{si/x) , -^) — for{^), we get the 
first adjunction pairing. 

(ii) Let us apply formula fl2.3.9p with C = grf^^s^x), B = A and K = gTi,^{£/x) 
considered as an (=2^, gr^j(=e/x))-bimodule. We get 

L 

Horn D(^^)(gr,,(^x)®g,,^(^^)^ , ^) 

- Hom D(gr,K^))(^, RJ^om^^ (g'^ni-^x), J^))- 

L 

We have g^yfyS^x)® — for{jV) and to get the second adjunction 

pairing, notice that 

L 

RJ^om^^ {gr^{£/x), J^) ^ R,^om (gr^-^^/x), ^x)®^_^-#, 
and RJfbm^_^(gr,(^x)Xx) ^ g^rk^x) [-!]• Q-E.D. 
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Duality 

Let be a DQ-algebroid on X. 

Definition 2.3.7. Let ^ e D{£/x)- Its dual D'^^^ e D(^/xa) is given by 

(2.3.10) D'^^^ ■.= RJrom^^{^,£^x)■ 
When there is no risk of confusion, we write instead of . 
By Corollary sends D^^J^x) to D^^J^x^): 

Assume that ^ G D|?Qjj(.e^). Then there is a canonical isomorphism: 

(2.3.11) ^ ^ D^D^^. 

For a gr;j(,(2^)-module denote by D'^^ its dual, 

(2.3.12) D'^^ := R^omg^^(^^)(^,gr,(^x)). 
Proposition 2.3.8. Let ^ E B^^^i^^x)- Then 

gr,(D'^^)^D'^(gr,(^)). 
Proof. This follows from Proposition 11.4.31 Q.E.D. 

Corollary 2.3.9. Let if G D|?„h('5^x) j G Z. Let us assume that 
^xf^^^^^^^{gT,{^),gT,{^x)) ^ 0. Then ^xt'^J^,j^x) ^ 0. 

Proof. Applying the above proposition, we get 

^xt;^^(^_^^(gr,(^),gr,(^x)) = i/^(DUgr,(^))) 

^ i/^(gr,(D:^(^))). 

Then the result follows from Proposition 11.4.51 Q.E.D. 
Simple modules 

Definition 2.3.10. Let A be a smooth submanifold of X and let ^ be 

a coherent ^x-^odule supported by A. One says that ^ is simple along 
A if gr;^(^) is concentrated in degree and H^{grj^{^)) is an invertible 
®^ gr;j(.e/)f )-module. (In particular, ^ has no /i-torsion.) 
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Proposition 2.3.11. Let A be a closed submanifold of X of codimension I 
and let ^ be a coherent -''nodule simple along A. Then H^(D'^{^)) = 
^xt-'^ {^,^x) vanishes for j ^ I and {D' ^{^)) is a coherent ^/x^ -module 
simple along A. 

Proof. The question being local, we may assume tliat ^x is a DQ-algebra so 
tliat girX-^x) - and gr;j(=^) ~ Gk- Tlien, we have tfxt^^, (gr^,(^), Gx) - 

for J 7^ /. Therefore, Sxt^^J^5£, s^x) = for ^ by Corollary and 

gr,(^xt'^_^(^,^x)) ^ DUgr,.if)[/] 

^ ^x4^(gr,(^),^;,) 

by Proposition I2.3.8I If gr;j(^) is locally isomorphic to then so is 
(gr,(^),^x). Q.E.D. 



Homological dimension of ■2/)4:-modules 

The codimension of the support of a coherent i^x-module is related to 
the vanishing of the ^'^^^ ^ ^x)- Similar results hold for .e^-modules. 

Proposition 2.3.12. Let ^ be a coherent ^x-'fnodule. Then 

(a) <^xt^^ {^,£/x) — for j < codimSupp^, 

(b) codim Supp {-y^ ■, s^x) ^ 3 ■ 

Proof, (a) First, note that Supp(^) = Supp(gr;j^). Therefore, 

^^^gr (^-)(s^ft'^>grri.(=^x)) — 3 < codimSupp^ 

and the result follows from Corollary I2.3.9I 
(b) By Proposition ll.4.5[ we know that 

Supp<ra;t^^^(^,=s/x) C Supp cfxt^^^^^^^^^(gr;,^, gr;,(i24)), 

and codim Supp ^{gLy^M .,^f^{£^yi)) ^ 3 by classical results for Gx- 
modules. Q.E.D. 
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Extension of the base ring 

Recall that C^''^°^ := C((/l)) is the fraction field of C''. To a DQ-algebroid £/x 
we associate the C'*''°'^-algebroid 

(2.3.13) ^^""^ = C^''^""" £/x 

and we call s^^^ the H-localization of ^x- It follows from Lemma [1.4.101 that 
the algebroid s^^'^ is Noetherian. 

There naturally exists a faithful functor of C^-algebroid 

(2.3.14) £/x ^x^- 

This functor gives rise to a pair of adjoint functors (loc, /or): 

(2.3.15) Mod(^4°^) , ' Mod{£^x)- 

loc 

Both functors are exact and we keep the same notations for their derived 
functors 

for 

(2.3.16) D'^(i;4°=)^=D*'(^/x). 

loc 

For ^ e B^{.s^x), we set 

(2.3.17) := loc(^) ~ C^'^''^ ^. 

We say that an .e^-module is a submodule of an .e^°'^-module ^ if there 
is a monomorphism ^ for{.^) in Mod(.s2^). 

If ^ is an .2/^°'^-module, an ^/^-submodule and ^o®c'''^'''^°'^ i 
then we shall say that generates 

The following result is of constant use and follows from [371 Appendix A]. 

Lemma 2.3.13. Any locally finitely generated £/x- submodule of a coherent 
s^^x'^ -module is coherent, i.e., any coherent s^x'^ -module is pseudo-coherent 
as an ^x-i^odule. 

Definition 2.3.14. A coherent -c/y-submodule of a coherent module 
^ is called an =2^-lattice of ^ if generates 

We extend Definition 12.3.71 to ^^/^"'^-modules and, for ^ e D^(^/i^°'=), we 

set 



(2.3.18) B'^i,,^ ■.= Rjeom 
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Proposition 2.3.15. Let ^ he a coherent s^^'^ -module. Then 

(a) S'xt^ ^^^X-^ ^ •^x'') — /c"^J < codimSupp^, 

(b) codimSupp^fxt^ . > j. 

X 

Proof. The result is local and we may choose an .g^-lattice of ^ . Then 
the result follows from Proposition 12.3.1^ Q.E.D. 

Good modules 

Definition 2.3.16. (i) A coherent ,«2^°^-module ^ is good if, for any rel- 
atively compact open subset U of X, there exists an (£^|t/)-lattice of 

(ii) One denotes by Modgd(=s/x ^) ^^e full subcategory of Modcoh{£^x^) con- 
sisting of good modules. 

(iii) One denotes by Dgj(=2^°'^) the full subcategory of 'D^^-^i'^x'^) consisting 
of objects ^ such that H^{^) is good for all j G Z. 

Roughly speaking, a coherent ■c/^'^-module ^ is good if it is endowed 
with a good filtration (see on each open relatively compact subset of X. 

Proposition 2.3.17. (a) The category yiodg^i-^x^) ^■^ ^ thick subcategory 
of yiodcohi-^x'^) , {i.e., stable by kernels, cokernels and extension). 

(b) The full subcategory o/ Dj?„i^(^|°^) is triangulated. 

(c) An object ^ G Dcoh(-*^^'^) ^■^ good if and only if, for any open relatively 
compact subset U of X , there exists an s^xlu-i^odule G D^^^s^xlu) 
such that ^Q°^ is isomorphic to ^\u. 

Since the proof is similar to that of [371 Prop. 4.23], we shall not repeat 

it. 

Proposition 2.3.18. Let J{ G V^^J^s^^''). Then Supp(^) is a closed 
complex analytic subset of X , involutive (i.e., co-isotropic) for the Poisson 
bracket on X . 

Proof. Since the problem is local, we may assume that £/x is a DQ-algebra. 
Then the proposition follows from Gabber's theorem Q.E.D. 

Remark 2.3.19. One shall be aware that the support of a coherent ^x- 
module is not involutive in general. Indeed, for a DQ-algebra s^x, any co- 
herent ^x-Hiodule may be regarded as an .c^-module. Hence any closed 
analytic subset can be the support of a coherent =2^-module. 
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2.4 DQ- modules supported by the diagonal 

Let X be a complex manifold endowed with a DQ-algebroid ^x- We denote 
by ^xxX'^ the external product of and s^x'^ on X x X". We still denote 
hj 6x- X X X X" the diagonal embedding and we denote by ModA^ {^x ^ 
■c/jfa) the category of {s^x ^ =2/5fa)-modules supported by the diagonal Ax- 
Then 

6x* ■■ Mod(^/x O ^x-) ModA^(^x ^ £^x-) 

gives an equivalence of categories, with quasi-inverse 5x^. We shall often 
identify these two categories by this equivalence. 

Recall that we have a canonical object ^x in Mod{^x ® •^X'^) (see § l2.ip . 
We identify ^x with an {^x ^ ^x'^)-'^odu\e supported by the diagonal 
of X X X". In fact, it has a structure of =2^xX"-niodule. More generally, we 
have: 

Lemma 2.4.1. Let ^ he an (^x ^ ^x^)-iT^odule. 

(a) The following conditions are equivalent: 

(i) ^ is a bi-invertible {^/x ® £^x'^) -''module [see Definition I2.1.10| ). 

(ii) ^ is invertible as an ^x -''nodule {see Definition 12. 1.4p . that is, 
is locally isomorphic to s^x an s/x-'^nodule, 

(iii) ^ is invertible QjS QjTI i^^ou -module. 

(b) Under the equivalent conditions in (a), 5x*-y^ s^x-kX'^ ®s^x^j^x<^ ^x*-^ 
is an isomorphism and 5x*-^ has a structure of an ^/xxX'^ -module. 
Moreover, 6x*-^ is a simple ^xxX'^ -''nodule along the diagonal of X x 
X". 

(c) Conversely, if ^ is a simple s^xxX'^ -''module along the diagonal of X x 
X"", then 5^ryV satisfies the equivalent conditions (a) (i)-(iii). 

Proof. The statement is local and we may assume that £^x = ('^xii^]], 

(a) Assume (ii) and take a generator u G ^ as an ^/^-module. Then 
for any a G ^x, there exists a unique 6{a) G £/x such that ua = 9{a)u. 
Then 9: s^x ^x gives a C^'-algebra endomorphism of s^x- Hence Q is an 
isomorphism by Proposition 12.2.31 Thus we obtain (i). Similarly (iii) implies 

(i)- 

(b) Let us choose u G ^ as in (a) and identify ^ with that we 
regard as a sheaf supported by the diagonal. The action of .s^x ® ^x 
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can be expressed by differential operators. Namely, there exist differential 
operators {Si{x,dx^,dx2,dx.j,)}ien such that 

f-ka-kOig) = ^{Si{x, dxi, dx:,, dx:,)fixi)g{x2)a{x3))\xi=x2=x3=xh' 

i 

for f,gej2/x and a G 
Then this action extends to an action of ^xxX" by setting 

f{x,y)-ka{x) = ^{Si{x, dx^, dx2, dx-i) f{xi, X2)a{x3))\xi=x2=x3=xh^ 

i 

for / G ^/xxX" and a G 

We denote by ^ the -g^xx^-niodule thus obtained. Then, as an {^x®-^X'^)- 
module, it is isomorphic to ^ . Hence ^ is a locally finitely generated 
.g^xX'^-niodule. Since jfiP'^^M is isomorphic to (^x-, is a coherent 
■2^Scxx<^-niodule by Theorem 11.2.51 dn]). 

Let J" be the annihilator of n G ^ ~ ^ . Then ^ is a coherent left ideal 
of s^x^x°-- In the exact sequence 

^orf " (^, C) vanishes. Therefore we obtain an exact sequence 

^ y jhJ ^xxx- ^ ^ 0, 

and J' jhJ' is isomorphic to the defining ideal /a C ffxxx-^ of the diagonal 
set A C X X X". This shows that ^ is simple along the diagonal. 

Denote by J^' the left ideal of s^x ® ■^x' generated by the sections {a ® 1 — 
1 ®9{a)} where a ranges over the family of sections of s^x and by the left 
ideal of s^xv.X'^ generated by J'' . Set := s^^xxx^ ^^/xS^^x" have: 

^ ~ {j^X ®'S^X-)/j^', 
J{' ~ ^/xxX"/<^- 

There exists a surjective i2^*xxX" -linear morphism and hence J" C 

J" . Since J" jfiJ" J" jfiJ' ~ /a is surjective, we conclude that J" = J" . 
Hence we obtain ^ ^ . 

(c) By the assumption, Vx^^rk-^^ — ff^hi^x^^) is an invertible i^x-module. 
where pi: X x X"- X is the projection. Hence Theorem 11.2.51 (!iv|) implies 
that 5x^J\^ is a coherent =2^-module. It is locally isomorphic to ^x by 
Lemma [1.2.171 because gIf^{5^^) is locally isomorphic to ffx- Q.E.D. 
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Thus we obtain: 

Proposition 2.4.2. The category of bi-invertible {^/x ® £^x°-)-fnodules is 
equivalent to the category of coherent s^xxX'^-fnodules simple along the diag- 
onal. 

Definition 2.4.3. We regard Sx*-s^x as an ^^xx^-module supported by the 
diagonal and denote it by We call it the canonical module associated 
with the diagonal. 

The next corollary immediately follows from Lemma 12.4. 1[ 

Corollary 2.4.4. The s^/xxx-^ -'module '^x is coherent and simple along the 
diagonal. Moreover, ■^xxX'^® ^^•^^^^x '^x is an isomorphism inMod{^xxx^) , 
and s^x Sx^{'^x) is an isomorphism in Mod(.e^ 

The next result is obvious. 

Lemma 2.4.5. Let Y be another complex manifold endowed with a DQ- 

L 

algebroid^Y- Then, there is a natural isomorphism 't^xW^y — '^XxY- Here, 
we identify {X x X'') x (Y x Y^) with {X x Y) x {X x F)^ 

Definition 2.4.6. We say that ^ E B^{£/x ® ^x'^) is bi-invertible if ^ 
is concentrated to some degree n and H^[^) is bi-invertible (see Defini- 
tion mU]). 

We sometimes consider a bi-invertible {^x ® .«35ca)-module as an object 
of D^^Yii-^xxX'^) supported by the diagonal. 

L 

For a pair of bi-invertible (=2/)c®=2^a)-modules and l3^2, ^\®^^^2 is 
also a bi-invertible [^s^x (8) ■s^^C")- module. Hence the category of bi-invertible 
{s^x ®.«26c°)-modules has a structure of a tensor category (see e.g. [HI § 4.2]). 
It is easy to see that '^x is a unit object. Namely, for any bi-invertible 
{s^x ® .e6c°)-Hiodule we have: 



We have 




Hence we have RJifom^ {^,^x) ^ RJ^om^ ^{^,^x)- 
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Definition 2.4.7. For a bi-invertible {,s/x ■-s/x'^)-^odu\e we set 
Hence we have 

Note that, for two bi-invertible {s^x ® .e6f")-nioduIes and i^2, we have 



For a bi-invertible (j^^x ® .26s:'')-iiiodule 0^ and ^,jV E ^{-s/xxYxz), we 
have the isomorphism 

(2.4.1) RJ^om^^^^{^,.yr) ^ R^om^_^^^(^®^^^, ^®^^^) 
in D(C^^y K^/^). 

Remark 2.4.8. Although it is sometimes convenient to identify (X x Y°')°' 
with Y X X"-, we do not take this point view in this Note. We identify 
{X X y)" with X°- X Y. Hence, for example, we have functors 

The next result may be useful. 

Lemma 2.4.9. (i) Let X and Y be manifolds endowed with DQ-algebroids 
s^x (i-'^d: s^Y , let ^ he an s^xY.Y°--'f^odule and let ^ he a hi-invertihle 
{s^^Y ® '^Y'^)-'<^odule. Then 

(ii) Let 3^ and ^ he hi-invertihle {^/x ® £^x'^) -''modules. Then 
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Proof, (i) We have the isomorphism 

(ii) The first isomorphism follows from (i) and the the second is proved 
similarly. The two last isomorphisms follow. Q.E.D. 

The next result follows immediately from Corollary 12.4.41 

Lemma 2.4.10. Let J{ e D^(^/x), =^ G B^^^{£^x) and jV e D^{£^x-). 
Identifying Ax and X , there are natural isomorphisms 

L 

^1^^^ ^ {,^kj^)®^^^^yx ^nD(C^), 



2.5 Dualizing complex for DQ-algebroids 

The algebroid 

We have seen that the C^- algebra ^x S'nd^h^.^x) is well-defined for a 
DQ- algebra £^x on X. 

Now let s^x be a DQ-algebroid. Then we can regard s^x as an (.g/js: ® 
s^^)-m.odM\e. In § 12. ![ we have defined the C'^-algebroid (§ndcn{s^x) and 
introduced a functor of C'^-algebroids s/x ® — )■ Snd^h^^/x)- 

Definition 2.5.1. The C'^'-algebroid is the C'^'-substack of <gndch{£^x) 
associated to the prestack & defined as follows. The objects of & are those of 
s^x®^x' ■ cr^, (72 G s^x^^'x with cTi = ri(8)A°^, cr2 = T2®^2 choose 
isomorphisms </)j : Tj ~ Aj (i = 1, 2) and ^93: ri ^ r2. Set ^ = (§nds^^{\\). It 
is a DQ-algebra. The isomorphisms [i = 1,2,3) induce an isomorphism 

^ e^om^ft(^x(cri),=s/x((T2))- 
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We define J^omQ^cri, (T2) C ryiforrii^n^s^xio-i), s^x{o'2)) as the image of by 
if). (Tliis does not depend on tlie clioice of the isomorphism (fi {i = 1,2,3) 
in virtue of Proposition I2.2.31 ) 

Then there are functors of C'^-algebroids 

£/x ^x^i^xxx^ Six ^ndch{£^x) 

and s^x Kiay be regarded as an object of Mod(^^). 

Proposition 2.5.2. (i) The C'^-algebroid S'nd£h{^x) is equivalent to the 
C'^-algebroid (S'nd£h{ffx[[fi\]) {regarding the C'^-algebra (S'nd£h{ff x[[f>]]) 
as a Vf^-algehroid) . 

(ii) The equivalence in (i) induces an equivalence of C'^-algebroids ^x — 

Sxilh]]. 

(iii) The equivalence in (ii) induces an equivalence of C'^ -linear stacks 

mod{s^^) ~ mod{Sx[M). 

Moreover, the Qix -module s^x is sent to the ^x[[h]]-module ^x[[h]] by 
this equivalence. 

(iv) The equivalence in (ii) also induces an equivalence of C-algebroids 

and an equivalence of C-linear stacks Tlod{gr^{^x)) — 5Jlo^(^x)- 
Moreover the gr^^^^'x) -module gr^{^x) is sent to the S^x-module Gx 
by this equivalence. 

Proof. Recall first that for two C^'-algebroids ^ and to give an equiva- 
lence of C^'-algebroids ^ ~ is equivalent to giving a bi-invertible ^°P(8>^'- 
module (Lemma 12.1. lip . 

(i) follows from Lemma [2.1.121 More precisely, we define an (^£'nd£h(.s^x) ® 
(^fndcf.(^x[[^]]))°P)-module ^' as follows. For a = {ai^a2^) G £/x(S)£/x^, 
set 

^'{a) := jrom^,{Gxm],J^om^Ja2,ai)). 
Clearly, is bi-invertible. 

(ii) For a = (o"i®o"2^) G £^x®^x 1 choose an isomorphism : o\ 02 
and a standard isomorphism Gx\\f^ (S'nd^^{ai). Then they give an 
isomorphism 

/: i^xm]^'^om^Ja2,a^). 
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We define a (^f ® ^x[[^]]°P)-submodule ^ of ^' as follows: let ^{a) 
be the ^x[[^]]°''-submodule of ^'{cr) generated by /. Then -^(o") coin- 
cides with the submodule generated by / over the C'^-algebra S'nd^^^a) C 
S'ndcn{Jfom^^{a2, (Ti)). Moreover, ^{a) does not depend on the choice of 
ip and ip. It is easy to see that ^ is a bi-invertible 8) ^^[[fi]] °p) -module, 
(iii) The ® -module ^ gives an equivalence of categories 

(2.5.1) ^ . : Mod(^x[[/i]]) ^ Mod(^^), 

which is isomorphic to the functor induced by the algebroid equivalence 
^ ^x[M. Consider the ® (^x )°'')-module 

A quasi-inverse of the equivalence (12.5. ip is given by 

^* . ~ ^om^^(^, •): Mod(^^) ^ Mod(^x[[^]]). 
The results follow. Q.E.D. 

Dualizing complex 

Let be a DQ-algebroid on X. We shall construct a deformation of the 
sheaf of differential forms of maximal degree and then the dualizing complex 
for s^x- 

Lemma 2.5.3. (i) s^x has locally a resolution of length dx by free ^x' 
modules of finite rank. 

(ii) gT,{^xt'-^{^x,^f)) ^ nx. {Note thatgT,{c^xt'^^{^x,^^)) ts a 
module over gi^X-^x) gif^i^^x-) ^ ^x by 02.1.121)). 

(iii) ^xf^^(^x, ^f)=0 fori^dx. 

Proof We have ^x - ^x[[h]] and s^x - ^x[[h]] as ^^-modules. Then the 
results follow from 

R^om^^f[,jj(^xp]],^x[[n]]) ^ {nxm])[-dx]. 
(ii) follows from 

gr,(R^om^^(^x,^^)) ^ R^omg^^(^^)(gr,(^x),gr,(^x)) 

~ Rjrom^Ji^x,^x)^nx[-dx]. 

Q.E.D. 
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We set 

(2.5.2) := ^a;<f^(^/x, ^x) e Mod(^x ® ^xO- 

Lemma 2.5.4. The {s^x ® ^^)-module VLx ^-^ hi-invertihle. 

Proof. Under the equivalence S^x — ^x[[^]], we have Qx — ^x[[^]]- Hence 
we have an isomorphism fix ^imf2^//l"f2^. Since gr^^^Qx) — 

n 

is a coherent gr;j(j2^)-module, fix ^ coherent =2^-module by Theorem 
11.2.51 (iv). Since gT;^{flx) is an invertible ^^-module and fix ^~ 
torsion, fix is locally isomorphic to ^x as an i^/jf-module. Hence is a 
bi-invertible (.2^^ ® .e6i:)-niodule by Lemma [2.4.11 Q.E.D. 

Lemma 2.5.5. One has the isomorphisms 

(2.5.3) fl^h^^£^x[-dx] ^ R^om^^(^x,^x) ^ C^- 

Proof. The first isomorphism is obvious by Lemma [2.5.31 Hence, it is enough 
to prove that the natural morphism C ^ KJifom i^x, ^x^ is an isomor- 
phism. By the equivalence ~ we may assume that s^x = ^x[[^]] 

and ^x = ^x[[^]]- Then RJ^om ^^{^x, -^x) is represented by an infinite 
product of the de Rham complexes: nn^"^x- Then the assertion follows 
from a classical result: f2^([/) is quasi-isomorphic to C when f/ is a con- 
tractible Stein open subset. Q.E.D. 

Note that fix isomorphic as ^x ® .s3^<»-niodules. 

Definition 2.5.6. We set 

■.= 6x.n'^[dx] ^ 5x.R.^om,j^{s^x.^^)[^dx] G D'^(^xxxO 

and call uJx the .0^-dualizing sheaf. 

Note that is bi-invertible (see Definition 12. 4. 6p . Using fl2.5.3p and the 

L L 

morphism 5x*flx®rj ^x — ^ we get the natural morphism 

^x-^x^- -^x 

(2.5.4) u^Js>^^^^yx ^ 5xX]c [^dx\. 

Applying the functor gr^j to the above morphisms, we get the morphism 

(2.5.5) 5x.{g^n^^.)\,^^^^^S^x.gH'^x) ^ 5x.{Cx[2dx]), 
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(2.5.6) 5^' {5xMnU^^^)%r,^,^,. (5x*gr,Xx)) ^ [dx] ^ Cx [2dx]. 

Here we used the functor of algebroids 6]^^{gYf^s^xxX'^) ^x- 

Let Y be another manifold endowed with a DQ-algebroid ff^y. We intro- 
duce the notation: 

'^Xy.YjY = '^X W'oY G D 

Then tJ^xy/y belongs to D'^ K1 ^^xy) ? and we have an isomor- 

L 

phism a;^^yyy(8)g^^£/Y ^ Cj^ Kl ^/y. Hence we have a canonical morphism 

(2.5.7) ^x^xy/y®^_,,,.^x ^ (C^ K^y)[2rfx] 

in D'^(C| H^yxyO- 

The proof of the following fundamental result will be given later at the 
end of § 13. 3[ 

Theorem 2.5.7. We have the isomorphism 

(2.5.8) c:^ (B'^^^^^^x^r-' mD\^x.x^)- 

Note that in formula (12.5.81) . D^^^^^ is the dual over ^x'^xx and ( • )'^~^ 
is the dual over s^x- 

Corollary 2.5.8. For ^ G B^{^xxX'^xy) , we have 
Proof. We have 

^ R^om^^^^^(^x, cu/®^_,^). 
The other isomorphism is similarly proved. Q.E.D. 
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One shall be aware that, although is locally isomorphic to as 
an £^-module, it is not always locally isomorphic to as an ^/x ® •s^x'^- 
module. 

Example 2.5.9. Let X = C"^ with coordinates (xi,X2) and let s^x be the 
DQ-algebra given by the relation 

[xi, X2] = hxi. 

Let (1/1,1/2) denotes the coordinates on X"'. Hence 

[yi,y2] = -hyi. 

Then is the i^/j^xx^-module s^x^x°- ■ ^ where the generator u satisfies 
(^^j — 2/i) ■ ^ = (z = 1, 2). Therefore is quasi- isomorphic to the complex 

(2.5.9) ^ i2/xxx^ A A ^xxx" ^ 0, 

where .e^fxX'" on the right is in degree 0, a{a) = (— a(x2 — y2 + h), a{xi — yi)) 
and /3(6, c) = 6(xi - yi) + c(x2 - 2/2)- 

It follows that D'^(^x) [2] is isomorphic to s^xxX'^ -w where the generator 
w satisfies (xi — yi) ■ w = 0, {112 — X2 + h) ■ w = 0. The modules 'D'^i^x) [2] 
and are isomorphic on xi 7^ by m ^ XiW. However, D'^i^x) [2] and 
^x are not isomorphic on a neighborhood of Xi = 0. Indeed if they were 
isomorphic by m O aw for a G s^x-, then Xia = axi and X2a = a{x2 — h). Then 
{x2,crQ{a)} = — (7o(a). Since {x2, •} = —Xid^^^, we have xidx-^^ao{a) = cro(a), 
which contradicts the fact that c'"o(a) is invertible. 

Remark 2.5.10. The fact that D^^x is concentrated in a single degree and 
plays the role of a dualizing complex in the sense of [60] was already proved 
(in a more restrictive situation) in [201 [2T| . 



2.6 Almost free resolutions 



We recall here and adapt to the framework of algebroids some results of [IQ] . 

In this section, K denotes a commutative unital ring, X a paracompact 
and locally compact space and a K-algebroid on X. 

Let us take a family ^ of open subsets of X. We assume the following 
two conditions on 



(2.6.1) < 



(i) for any x E X, {U G^;xGf/}isa neighborhood sys- 
tem of X, 

(ii) for U, V E y , [/ n \^ is a finite union of open subsets 
belonging to 5^ . 
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Recall that invertible modules are defined in Definition I2.1.4I 

Definition 2.6.1. (i) We define the additive category Mod^^{£/) of 
almost free ^ -modules as follows. 

(a) An object of Mod''^(,s/) is the data of {/, {Ui, Lj}jg/} where I is 
an index set, Ui and U- are open subsets of X, Ui e y, Ui C U^, the 
family {U-}i^i is locally finite and Li is an invertible ^[(/'-module. 

(b) Let N = {J,{V,,V^,K,},^j} and M = {/, f//, L,},^,} be two 
objects of Mod^^ {s2f) . A morphism u: N ^ M is the data of Uij G 
T{Vj; Jifom^{Kj, Li)) for all (ij) e I x J such that Vj C Ui. 

(c) The composition of morphisms is the natural one. 

(d) We denote by $: Mod'^^(^/) — Mod{£/) the functor which sends 
{I , {Ui,U-, Li}i(zi} to ®i^j{Li)ui and which sends an element Uij 
of r(yj;Jifom^{Kj,Li)) to its image in Rom ^{{Kj)vj, {Li)u,) if 
Vj G Ui and otherwise. 

(ii) Similarly, we define the additive category Modaf(^) as follows. 

(a) The set of objects of Modaf (^) is the same as the one of Mod'^^l^). 

(b) Let N = {J,{Vj,V^,K,},^j} and M = {I , {Ui,Ui, L,}i^i} be two 
objects of Mod^^(^). A morphism u: N ^ M is the data of Uij G 
T(Ul; J^om^{Kj, L^)) for all (z, j) E I x J such that Ui C Vj. 

(c) The composition of morphisms is the natural one. 

(d) We denote by : Modaf(^) — >■ Mod{£/) the functor which sends 
{/, {Ui, U-, Lj}jg/} to Tij.{Li) and which sends an element Uij 
of T{Ui; J^om^{Kj, Li)) to its image in B.om^(Tv^{Kj), Tu^Li)) if 
Ui C Vj and otherwise. 

Note that Modaf(^) is equivalent to Mod'^^(=e/°P)°P by the functor which 
sends {/, {Ui, Ui L,}i^i} to {/, {Ui, Ui, M'om ^{Li, £/)hei}- 

Recall that for an additive category we denote by C~ (^) (resp. C~^{^)) 
the category of complexes of ^ bounded from above (resp. from below). 

The following theorem is proved similarly as in [101 Appendix]. 

Theorem 2.6.2. Let ^ be a left coherent algebroid and let ^ G D^jj(^). 
Then there exist L' G C~(Mod^^(=e/)) and an isomorphism ^{L') ^ ^ in 
D-{£/). 

There is a dual version of Theorem I2.6.2[ 
Theorem 2.6.3. Assume 
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(a) ^ being regarded as an object of Mod{^ (g>=2^°^), KTul^) is concen- 
trated in degree for all U G ,y , 

(b) is a right and left coherent algebroid, 

(c) there exists an integer d such that, for any open subset U , any coherent 
£^\u-module admits locally a finite free resolution of length d. 

Let ^ G D^j^(.2/). Then there exist L' G C'^(Modaf (=2^)) and an isomor- 
phism {L' ) ^r^D+(£/). 

Proof. Denote by D the duality functor KJifom ^{ • , ^) and keep the same 
notation with £/°^ instead of This functor sends D'^^^{£/) to D~^^{£/°'^) 
by (c). It also sends ^cohi-^°^) ^'^ ^cohi-^)^ composition 

is isomorphic to the identity functor. 

On the other hand, if L is an invertible ^°P-module, then D(L) is an 
invertible JzZ-module, and by the hypothesis (a), we have 

D{Lu) ~ ru{B{L)) 

for any U G S^. 

Then we get the result by applying Theorem l2.6.2l to D(^) G Dcoh("^°^) 
and using ^ ^ D(D(^)). Q.E.D. 

2.7 DQ-algebroids in the algebraic case 

In this section, X denotes a quasi-compact separated smooth algebraic vari- 
ety over C. 

Clearly, the notions of a DQ-algebra and of a DQ-algebroid make sense 
in this settings and a detailed study of DQ-algebroids on algebraic variety is 
performed in [Mj . 

Assume that X is endowed with a DQ-algebroid for the Zariski topol- 
ogy. Then, in view of Remark 12.1.171 gT;^{^x) — ^x- However, this equiva- 
lence is not unique in general. 

Let us denote by X^n the complex analytic manifold associated with X 
and by p : X^n — )■ X the natural morphism. Then we can naturally associate 
a DQ-algebroid .s^x^n -^x and there is a natural functor p~^s^x ^x^^^-, 
whose construction is left to the reader. Then it induces functors 



(2.7.1) 



Mod(^x) Mod(=s/xaJ 
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and 

(2.7.2) Modcoh(=s/x) ^ Modcohi-s^x. 

When X is projective, the classical GAGA theorem of Serre extends to DQ- 
algebroids and it is proved in [TH] that f l2.7.2p is an equivalence. 

Lemma 2.7.1. Let ^ G Modcoh(-^^°^)- The two conditions below are equiv- 
alent. 

(a) ^ is the inductive limit of its coherent suh-s^x-'fnodules, 



(b) there exists an £/x-^o,tt^ce of ^ {see Definition\2.3.14 



Proof, (a)^(b) Let ^ = limc/F where ^/K ranges over the filtrant family 

of coherent .c/Y-submodules of Since ^^'^ is Noetherian, the family 

l^s.ioc ^^^^ ^1 locally stationary. Since X is quasi-compact, this family is 
stationary. 

(b)^(a) is obvious. Q.E.D. 

Definition 2.7.2. Let ^ G Modcoh(-<2/x°''). We say that ^ is algebraically 
good if it satisfies the equivalent conditions in Lemma 12.7.11 

We still denote by Modgd(=s/i°') the full subcategory of Modcoh(^x') 
consisting of algebraically good modules. 

The proof of [37| Prop. 4.23] extends to this case and Modgd{-^x"^) 
a thick abelian subcategory of Modcoh(-2/j^°'^)- Hence, we still denote by 
^gdi'^x"^) f^ll triangulated subcategory of D^^^ii-^x^) consisting of ob- 
jects ^ such that H^{^) is algebraically good for all j G Z. 

Remark 2.7.3. We do not know if every coherent .0^°'^-module is alge- 
braically good. 



Almost free resolutions 

Recall that X is endowed with a DQ-algebroid for the Zariski topology. 

We denote by *B the family of affine open subsets ?7 of X on which 
the algebroid s/u is a sheaf of algebras. Note that this family is stable by 
intersection. Moreover, hypotheses fll.2.2p and flL2.3p are satisfied. 

Lemma 2.7.4. Assume that X is affine and s^x is a DQ-algebra. Then, for 
any M G Modcoh(-<26s:), there exist a free s^x-module of finite rank and 
an epimorphism u: 
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Proof. Set ^0 = ^/fi^. Then is a coherent i^x-Kiodule and there 
exist finitely many sections {vi, . . . , vn) of on X which generate over 

By Theorem ll.2.5[ r(X; ^) — )■ r(X; is surjective. Let {ui, . . . ,Un) 
be sections of ^ whose image by this morphism are {vi, . . . , vm). Let ^ = 
and denote by (ei, . . . , cat) its canonical basis. It remains to define u by 
setting u{e.i) = Ui. Q.E.D. 

Theorem 2.7.5. Let ^ G Modcoh(-^^x)- Then there exists an isomorphism 
^ ~ ^* in V>^{^s^x) such that is a bounded complex of ^/x -"modules and 
each ^* is a finite direct sum of modules of the form ijj^^^u, where iu: U "-^ 
X is the embedding of an affine open set U such that s^u is isomorphic to a 
DQ-algebra and is a locally free s^jj-module of finite rank. 

Before proving Theorem 12.7.51 we need some preliminary results. 

Let ^ = {Ui}i(zi be a finite covering of X by affine open sets such that 
^x\ui is a DQ-algebra for all i. 

We denote by S the category of non empty subsets of I (the morphisms 
are the inclusions maps). For a G E, we denote by \a\ its cardinal. For 
cr G S, we set 

Ua^ = ^Ui, La- : U„ "-^ X the natural embedding. 

We introduce a category Mod(,s/, ^ ) as follows. An object M of Mod(=s/, ) 
is the data of a family ({Mo-jo-gs? {^CTrlrco-es), where M„ G Mod{s^u^) and 
g*'^^ : Mt-\u^ — >■ are morphisms for 7^ r C cr G S satisfying q^'^ = id and 
for any (Xi C (72 C 0-3, the diagram below commutes 



a"' 

(2.7.3) MaAu.^ ^ Ma,\u.^ 




A morphism M — M' in Mod{^, ^) is a family of morphisms 
satisfying the natural compatibility conditions. 
Clearly, Mod{^, ^) is an abelian category. 

To an object M G Mod(^, '^) we shall associate a Koszul complex 
C*(M) using the construction of [HI § 12.4]. To M we associate a functor 
F: S ^ Mod{£/x) as follows: F{a) = LaMa, and F(r C a): F{t) F{a) 

is given by the composition Cr^M^ to-*(^r|[/a) i^a^M^. 
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According to loc. cit., we get a Koszul complex C (M) 

(2.7.4) C'{M):= y ^ C\M) ^ C\M) ^ ■ ■ ■ 

where 

C\M) = 0.,,M<, 

W\=i 

is in degree i. This construction being functorial, we get a functor 

(2.7.5) C : Mod(^, ^) ^ C^(Mod(^x))- 
It is convenient to introduce some notations. We set 

Modcoh(=s/, ^) = {M e Mod(^, ^) ; e Modcoh(=s/c/J for all a G S} , 
Modff(i2/, ^) = {M e Mod(=c/, ^); M,, is a locally free i^/^-module 

of finite rank for all cr G S}. 

Clearly, Modcoh(=2/, ^) is a full abelian subcategory of Mod{s^,^) and 
Modff(j2/, ^) is a full additive subcategory of Modcoh(-^^5 ^)- 

Lemma 2.7.6. The functor C : Modcoh(^,'^) ^ C^(Mod(i:/x)) 
6?/ fl2.7.5p is exact. 

Proof. By Proposition 11.6.81 the functor to-: Modcoh(-2/[/^) — Mod{£/x) is 
exact for each a G S. The result then easily follows. Q.E.D. 

Let us denote by 

(2.7.6) A : Modcoh(^x) ^ Modeoh(^, ^) 

the functor which, to ^ G Modcoh(-2/x), associates the object M where 
M(j = ^\ija and q^^: Mr\v„ is the restriction morphism. 

Lemma 2.7.7. The natural morphism ^ C*(A(^))[1] is a quasi- 
isomorphism. 

Proof Apply [HI Th. 18.7.4 (ii)] with A = ''\J'' u: A ^ X . By this 

is/ 

result, the complex 

f; := ^ ^ ^ c\x{^)) A c\x{^)) A ■ • • 

is exact. Q.E.D. 
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Lemma 2.7.8. Let M G Modcoh(=^2/, Then there exists an epimorphism 
L-^M m Mod(i2/, ^) with L e Modfr(^/, 



Proof. Applying Lemma 12. 7. 4^ we choose for each cr G S an epimorphism 
L'^^Mcr with a locally free j^/f/^-module L'^ of finite rank. Set 

and define the morphism L„ M^j by the commutative diagrams in which 
T d a: 





For T G a, the morphism g^^: L^|f/ — )■ L^- is defined by the morphisms 
(A C r): 



L' 



Clearly, the family of morphisms q^^ satisfies the compatibility conditions 
similar to those in diagram (12.7.31) . We have thus constructed an object L G 
Mod(=2/, and the family of morphisms L^- — )■ M^- defines the epimorphism 
L^M in Mod(^, ^). Q.E.D. 



Proof of Theorem \2. 7.5[ By Lemma 12.7.8^ there exists an exact sequence in 
Mod.ohK,'^) 

(2.7.7) Ld^+i >Li^ Lo^ \{Ji) 

with the Lj's in Modg(^, (see Corollary 12.3. 5p . Consider the complex 

(2.7.8) L* := ^Li^Lo^O. 

Hence, we have a quasi-isomorphism L* A(^). Using Lemma [2.7.6t we 
find a quasi-isomorphism 



(2.7.9) C*(L*) ^C*(A(^)). 

Then, the result follows from Lemma 12.7.71 



Q.E.D. 



Chapter 3 
Kernels 



3.1 Convolution of kernels: definition 

Integral transforms, also called "correspondences" , are of constant use in al- 
gebraic and analytic geometry and we refer to the book [53] for an exposition. 
Here, we shall develop a similar formalism in the framework of DQ-modules 
{i.e., modules over DQ-algebroids). 

Consider complex manifolds Xj endowed with DQ-algebroids {i = 
1,2,...). 

Notation 3.1.1. (i) Consider a product of manifolds X x Y x Z . We 
denote by Pi the i-th projection and by pij the (i, j)-th projection {e.g., 
Pi3 is the projection from Xi x X^ x X2 to Xi x X2). We use similar 
notations for a product of four manifolds. 

(ii) We write and s^ija instead of =2^- and .s^XixXf and similarly with 
other products. We use the same notations for ^x,- 

(iii) When there is no risk of confusion, we do note write the symbols 
and similarly with i replaced with ij, etc. 

Let e D^(£/x.xx»+J {i = 1,2). We set 

{6.1.1) L L 

Similarly, for ^ G D^(^/x,xXi+i) {i = 1,2), we set 

(3.1.2) Rjrom^^(jri, JTa) -R^yfbm v^fe' =^1,^2-3 =^2). 
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Here we identify Xi x X2 x X3 with the diagonal set of Xi x X2 x X2 x X^. 

This tensor product is not well suited to treat DQ-modules. For example, 
•(^xxY 7^ -^x s^Y- This leads us to introduce a kind of completion of the 
tensor product as follows. 

Definition 3.1.2. Let G B^{£/x,xx-^,) {i = 1,2). We set 

(3.1.3) ^ih^^^2 = 6^\je-M^2)®^^^y2 

= Pl2 =^®p-V,„2-^123«)p-V^3,P23 =^2- 

It is an object of D^{pi^£^isa) where P13: Xi x X2 x X3 — Xi x X3 is the 
projection. 

We have a morphism in D^^Pi^^/x^ ^Ps'^s^x;^)- 

(3.1.4) e^l®^^J^2 ^ =^1®^,=^2. 

Note that fl3.1.4p is an isomorphism if Xi = pt or X3 = pt. 
Definition 3.1.3. Let G D^{£/x,xx-^,) {i = 1,2). We set 

(3.1.5) J^ojTs = Rpi3!(=^l®^,^2) GD'^(^XixX3«), 

(3.1.6) * JTs = Rpi3,(jri® . JTa) G D^(^XixX30. 
X2 

We call o the convolution of J^i and (over X2). If there is no risk of 

confusion, we write J^i o for ^ o ^ and similarly with *. 

X2 

Note that in case where X3 = pt we get: 

L 

and in the general case, we have: 

(3.1.7) '^x,xx," 

^ Rpi4,((jriijr2)®^^^^^2), 

where pi4 is the projection Xi x X2 x X| x X3 — )■ Xi x Xf . There are 
canonical isomorphisms 

(3.1.8) JTi o ~ JTi and o JTi ^ JTi. 

X2 Xi 
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One shall be aware that o and * are not associative in general. (See Propo- 
sition [3221 ©•) 

However, if is a bi-invertible ®.26f"-niodule and the J^'s [i = 1, 2) 
are as above, there are natural isomorphisms 

JTi o if ~ J^® , ^, ^ o ~ ^1 , JTa, 

X2 X2 X2 X2 

For a closed subset Aj of Xj x X^+i (i = 1, 2), we set 

(3.1.9) A10A2 := pi3(pr2% npas^Aa) 

= pi4((Ai X A2) n (Xi X A2 X X3)) C Xi X X3. 

Note that if Aj is a closed complex analytic subvariety of Xj x X^j^-^ {i = 1, 2) 
and Pis is proper on p^2^Ai np^3^A2, then Ai o A2 is a closed complex analytic 
subvariety of Xi x X3. 

Let us still denote by o the convolution of gr;^ (^)-modules. More precisely 
for G I)^{gT^{£/x,y,x^^J) (^ = 1,2), we set 

ifl0if2 = Rpi4,((i^'ll^2)lg,^(^^^„)gr,(^2)). 

Proposition 3.1.4. For E D^{£/xixX^^-^) {i = 1,2), we have 

(3.1.10) gr,(jri o je2) - gini^i) o gTrX^2). 

Proof. Applying Proposition 11.4.3] it remains to remark that the functor gr^j 
commutes with the functors of inverse images and proper direct images as 
well as with the functor Q.E.D. 



3.2 Convolution of kernels: finiteness 

In this section, we use Notation 13.1.11 

Consider complex manifolds Xj endowed with DQ-algebroids ^Xi = 
1,2,...). We denote by dx the complex dimension of X and we write for 
short di instead of dx^ ■ 

We shall prove the following coherency theorem for DQ-modules by re- 
ducing it to the corresponding result for ^-modules due to Grauert (|29]). 
In the sequel, for a closed subset A of X, we denote by D^^^ ^{^x) the full 
triangulated subcategory of D^^^{s2fx) consisting of objects supported by A. 
We define similarly L)^a,Ai-^x^)- 
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Theorem 3.2.1. For i = 1,2, let Aj be a closed subset of Xi x Xj+i and 
Jti G ^coh,Aii-^Xixx°-_^J- Assume that Ai x^a A2 is proper over Xi x X3, and 
set A = Ai o A2. Then the object J^i o ^ belongs to Dcoh A(=^^ixXf )• 

Proof. Since the question is local in Xi and X3, we may assume from the 
beginning that and ^/xs are DQ-algebras. 
We shall first show that 

L 

(3.2.1) '^^^j'^ cohomologically complete. 

Since this statement is a local statement on Xi x X2 x X^, we may assume 
that £/x2 is a DQ-algebra. Since ^ and may be locally represented by 
finite complexes of free modules of finite rank, in order to see fl3.2.ip . we may 

L 

assume J^f^ ~ £^Xixx^_^^ {i = 1,2). Then ^0^^'^ — -^ixXaxx^ is cohomo- 

L 

logically complete by Theorem 11.6.11 Hence = Rpi3*i-^i®^^'^) is 

also cohomologically complete by Proposition 11.5.121 

L 

On the other hand, gr;j(J^ o J^) - Rp^g^ (pt2grrt'^ ^ ^ P23grfi=^) 

belongs to Dcohl'^^ixXg) by Grauert's direct image theorem ([29]). Hence 
Theorem 11.6.41 implies that belongs to Dcoh("^ixXf )• Q.E.D. 

Remark 3.2.2. In [1], its authors use a variant of Theorem 13.2.11 in the 
symplectic case. They assert that the proof follows from Houzel's finiteness 
theorem on modules over sheaves of multiplicatively convex nuclear Frechet 
algebras (see [32]). However, they do not give any proof, details being qual- 
ified of "routine" . 

Corollary 3.2.3. Let M and .yV be two objects of D^^y^{s^x) o^nd assume 
that Supp(^) n Supp(^) is compact. Then the object RHom (^, ./f^) 
belongs to V>){C^). 

Proposition 3.2.4. Let e Dj?„h(=«=^x.xXf+J ii = 1,2,3) and let S£ e 
-Dcoh("^4)- — supp(=J^) and assume that Aj X-Xi+i ^i+i is proper over 

XiXX,+2 (^ = 1,2). 

L L 

(i) There is a canonical isomorphism {J^i o ^)^^ J^i o (^^^). 

X2 X2 

(n) There is a canonical isomorphism (^ o ^) o ^ ^ ^ o o ^). 

X2 X3 X2 X3 
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L L 

Proof. The morphism o ^)^=Sf — )■ ^ o (^^^) is deduced from the 

X2 X2 

morphism (we do not write the functors p^^^p^^^ for short): 



22" 

L L r 



Applying the functor gr;, to this morphism in ^^^.^^^^^XixXf^xX^), "we get 
an isomorphism. This proves the result in view of Corollary II. 4. 61 
(ii) By (i), we have 

^ X2 ^' X; ^ 'x2 x.xxi 

V ^^X2XX-^ -^'J X3XX- 

L L L 

Then this object is isomorphic to (^KI^KI^) o (^x^Kl^xJ- 

L L L 

Similarly, o (J^ o J^) is isomorphic to (J^M^ll^) o (^XaM^Xg)- 



^2 ^3 X2 X X° X X3 X X§ 



Q.E.D. 



3.3 Convolution of kernels: duality 

The duality morphism for kernels 

Denote as usual by P13 : Xi x X2 x — j- Xi x X^ the projection. 

Lemma 3.3.1. For G D^{^XixX^_^_J {i = 1,2), we have a natural mor- 
phism in D^l^xfxXs): 

(3.3.1) (D'^ JTi) o uj^a o (D'^ J^) ^ D'^ (JTi o J^). 
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Proof. We have 

Hence we have morphisms 

^ R^om^-V^^^ ((J^ijr2)|^^^^^2,c^if.3Vi3«®^,,„^2) 

L _ 

The last arrow is induced by fl2.5.7p . Taking Rpi3!, we obtain 

oui.oij^'^x^) ^ Rpi3!((D:^^i)®^^„<®^^„(D:^jr2)) 

L _ 

^ Rpi3,R^omp-^V^^^ l'^^^^'^, Pi3 -^^is" [2^2]) 
^ R^om^^^^(^^ ^,^130- 

Here the last isomorphism is given by the Poincare duality. Q.E.D. 
Serre duality 

Let us recall the Serre duality for ^-modules. Let X and Y be complex 
manifolds. Denote by / : X x "K — )■ X the projection, by = Vt^ [dy] the 

L 

dualizing complex on Y and by wxxy/x := Gx^^y the relative dualizing 
complex. For ^ G Xy\^YX^x)i set 

Theorem 3.3.2. For ^ G Dj?„i^(^xxy) and ^ G D|?„h(^x), u^e have a mor- 
phism 

(3.3.2) R/,R=^om^^^^(^,/'^^) ^ R^om^^(R/!^,^). 

//i/ie support of ^ is proper over X , then this morphism is an isomorphism. 



3.3. CONVOLUTION OF KERNELS: DUALITY 



97 



This result is classical and we shall only recall a construction of the mor- 
phism fl3.3.2p adapted to our study. Since f2y has a ^y^-module structure, 
we may regard ujxxy/x as an object of D^(^x ^y^). By the de Rham 
theorem, we have an isomorphism: 

L 

By composing with the morphism ujxxY/x ^XxY/x^^^^y, we get a mor- 
phism in I)'°{f-^^x)- 

OOXxY/X r^ffxi^dy]. 

Now we have a chain of morphisms in D^(/~^^x) 
Rjrom^,^^^(^,/'^) = R^om^^^^{^J-'m^_,^^UxxY/x) 

~ R=^om^_,^^(^,/-i^[2rfy]). 
On the other hand, the Poincare duality gives an isomorphism 

R/.Re^om^_,^.^(^,/-i^[2t/y]) ^ R^om^,jR/i^,^). 

Duality for kernels 

Let Xi be complex manifolds of dimension di and let s^x^ be DQ-algebroids 
on X, {i = 1,2,3). 

As in Notation 13. l.H we often write for short Xij instead of x Xj, Xija 
instead of Xi x Xj, etc. We also write instead of £^Xij, etc. and ij/i 
instead of Xij/ Xi etc. 

Theorem 3.3.3. Let X, e ^\o\k^x,xxi^^ {i = 1,2). We assume that 
Supp(^) Xx2 Supp(=J^) is proper over Xi x Xg . Then the natural morphism 
{see dSil])) 

(3.3.3) (B'^je,) ouj^a o{B'.^^2) ^ B'^{^, o JT^) 

?s an isomorphism in 'D^^^X'^xixX-i) ■ 
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Proof. Since the question is local on Xi x Xg, we may assume that gr^^^^Xi) 
and gTfil^/x-j) are isomorphic to and ^Xs, respectively. Applying the 
functor gr^j, we get 

gr,(D'^(jr2)o<^oDl,(jri)) 

L 

~ R^om^^^jRpi3!(pt2grfi(=^)®^i23P23grs(=^)), ^13) 
^gr,(DU^iojr2)). 

Here the second isomorphism follows from Theorem I3.3.2I Hence fl3.3.3p is 
an isomorphism by Corollary 11.4.^ Q.E.D. 

Recall that denotes the duality functor for C^-modules: (see fll.l.ip ) and 
(•)* the duality functor on I)){C''') (see ffTX2D l 

Corollary 3.3.4. Let and .yV be two objects of D^^Y^i-^x) ■ 

(i) There is a natural morphism in D^(C'^) 

(3.3.4) RHom^^(^,a;^®^^^) ^ (RHom^^(^, ^))^ 

(ii) //Supp(^) n Supp(o4^) is compact, then fl3.3.4p is an isomorphism in 

Proof, (i) In Lemma 13.3. 1[ take Xi = X3 = pt, X2 = X, J^i = jV and 

(ii) follows from Theorem 13.3.31 Q.E.D. 

In particular, if X is compact, then ^ ^ ^x ®s^x ^ Serre functor 

on the triangulated category XS°^^^{s^x^- 

Remark 3.3.5. For ^ G XS^ [^s^Xi-x.x'^ ) (^ = 1; 2), one can define their prod- 

L 

uct eJ^®^ioc^ similarly as in Definition 13.1 . 21 and their convolution similarly 
as in Definition 13.1.31 (Details are left to the reader.) One introduces 

(3.3.5) ujf°^ ■= C'^'^"^ 

and for ^ G D'^(£/^°^), one defines its dual by setting 

(3.3.6) D^^ := R^om^u,c(^, ^4°') G D^(i4°'=). 
Then Theorems 13.2.11 and 13.3.31 extend to good ■2/^°^-modules. 
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Theorem 3.3.6. Let Aj be a closed subset of Xi x Xj+i (i = 1,2) and 
assume that Ai A2 is proper over Xi x X3. Set A = Ai o A2. Let 
,A ("^"xX" ) = 1)2). Then the object o ^ belongs to 
■Dgd aI-^^^i'^xXI ) '^^^ '"^^ /lave a natural isomorphism 

Proof of Theorem 12.5.71 

We are now ready to give a proof of Theorem 12.5.71 In Theorem I3.3.3[ set 
Xi = X2 = X3 = X" and je^ = = "^x-- Then we obtain 

D[^^x^ ouj^o D'^^x^ ~ D^(^x« o^x^)^ D'^(^xO- 

X X X"' 

By applying o(D'^^x-)^"^ we obtain D;^<^x- o ~ 

X 

3.4 Action of kernels on Grothendieck groups 

Grothendieck group 

For an abehan or a triangulated category ^ , we denote as usual by K('^) its 
Grothendieck group. For an object M of we denote by [M] its image in 
K(<^). Recall that if ^ is abelian, then K(^) ~ K(D^(^)). 

If A is a ring, we write K(y4) instead of K(Mod(y4)) and write Kcoh(^) 
instead of K(Modcoh(^))- 

In this subsection, we will adapt to DQ-modules well-known arguments 
concerning the Grothendieck group of filtered objects. References are made 
to [371 Ch. 2.2]. 

For a closed subset A of X, we shall write for short: 

Keoh,A(^x) := K(D,V,a(=^^x)), K,oh,A(gr,=s/x) := K(D^„h,A(gr^'^^))' 
Kgd,A«^) :=K(DJ,_^«-)). 

Recall that for an open subset U oi X and ^ G Modcoh(-^^°'^); an s^u- 
submodule of is called a lattice of ^ on U if ^0 is coherent over 
and generates ^\u- 

Lemma 3.4.1. Let ^ ^ ^ ^ — ?■ jY be an exact sequence in 
Modcoh(-^^°'^)- Then there locally exist lattices ^0 o-f^^ of ^ , .M 
and jV respectively, such that this sequence induces an exact sequence of 
-modules: ^ ^0 ^ -^o — )■ ^ — )■ 0. 
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Proof, (i) Let be a lattice of ^ and let cAq be its image in ^yV. We set 
^0 := n These .e/Y-niodules give rise to the exact sequence of the 
statement and it remains to check that =Sfo and ^ are lattices of =Sf and 
respectively. 

(ii) Clearly, ^ generates yK, and being finitely generated, it is coherent over 

(iii) Let us show that =Sfo is a lattice of =Sf . Being the kernel of the morphism 
^0 =^0 is coherent. Since the functor (•)^°'^ is exact, the sequence 
^ ^ ^ ^1°= ^ is exact. Therefore, - Q.E.D. 

Lemma 3.4.2. Let ^ G Modcoh(-^^°'^)) U be a relatively compact open 
subset of X and assume that there exists a lattice of ^ in a neighborhood 
of the closure U of U . Then the image of in 'Kcohiz''^ n-^u) depends only 
on ^ . 

Proof, (i) Recall that [gr^^^o] denotes the image of gr^^^o in Kcoh(gi'rtM/)- 
First, remark that for G N, the two gr;jja5<:-iiiodules gr^^^o and gi j-^H^^q 
are isomorphic, which implies 

[gr;,^o] = [gin^^^o]- 

(ii) Now consider another lattice of ^ on U. Since ^ is an ^3*^^°'^- 
module of finite type and generates there exists n > 1 such that 
^0 C /i~"^Q. Similarly, there exists m > 1 with C h~'^^o, so that we 
have the inclusions 

^"^+"^0 C fr^o C ho- 
using (i) we may replace with K^^q. Hence, changing our notations, 
we may assume 

(3.4.1) n^^o C X C ^0- 

(iii) Assume m = 1 in fl3.4.ip . Using h™'^Q C TJ^^q, we get the exact 
sequences 

J^q/H^o J^o/hJi^o J^q/J^q 0, 

-)■ hj^o/hj^Q -)■ j^q/hj^q ^q/h^q -)■ 0, 

and the result follows in this case. 

(iv) Now we argue by induction on m in (13.4.11) and we assume the result is 
true for m — 1 with m > 2. Set 

Then hj^^ C C J^q and K^^^JIq C JI'q C JIq. Then the result follows 
from (iii) and the induction hypothesis. Q.E.D. 



3.4. ACTION OF KERNELS ON GROTHENDIECK GROUPS 



101 



We set 

(3.4.2) Kcoh,A(grs-^x) := l^Kcoh,A(g^;^■^^c/)• 

^7 

where U ranges over the family of relatively compact open subsets of X. 
Using Lemma [3.4.21 we get: 

Proposition 3.4.3. There is a natural morphism of groups 
gif^: Kgd,A(^i?') ^ Kcoh,A(grft=s/x). 

Remark that when X = pt, the morphism in Proposition 13.4.3] reduces 
to the isomorphism 

(3.4.3) Kj(C'''i°^) ^ Kf{C), 
and both are isomorphic to Z by [M] i— dimM. 



Kernels 



Consider the situation of Theorem 13.2.11 Let Aj be a closed subset of Xi x 
Xj_|_i {i = 1,2) and assume that Ai x^a A2 is proper over Xi x X3. Set 
A = Ai o A2. Since the convolution of kernels commutes with distinguished 
triangles, it factors through the Grothendieck groups. Moreover, one can 
define the convolution of gr^j^e^^-kernels and a variant of Theorem 13.2.11 with 
s^x replaced with gifj^/x is well-known. Since the functor gr^^ commutes with 
the convolution of kernels, the diagram below commutes: 



(3.4.4) Ob(D^„,,^^(M20) X Ob(D,V^(^23»)) Oh{D\J^^,a)) 



Kcoh,Ai(-5^12") X Kcoh,A2(-^23°) 



K 



coh,A 1*^13' 



ja) 



Kcoh.Ai (gr. 



X Kcoh,A2(gr;i-S^23-; 



Kcoh,A(gr;i^i3% 



Similarly to fl3.4.4p . the diagram below commutes: 

(3.4.5) Ob(D5,,^^«-)) X Ob(D5,,^^«-)) — Ob(DgV«"')) 



Kgd,A,«2°«)xK 

grftXgrft 



gd,A2 1*^23°) 



gffi 

Kcoh,A(gr;i^l3'')- 



Kcoh,Ai(gr;iM20 X Kcoh,A2(gr;i^23" 
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Chapter 4 
Hochschild classes 



4.1 Hochschild homology and Hochschild classes 

Let X be a complex manifold and let s^x be a DQ-algebroid. Recall that 
5x : ^ ~^ X is the diagonal embedding. We define the Hochschild 
homology l-il-L^s^x) of -^x by: 

(4.1.1) nH{£/x) ■■= ^x^'^x'^^^^^^^x), an object of B^{C%). 
Note that by Theorem 12. 5. 7[ we get the isomorphisms: 

We have also the isomorphisms 

R^om^_^^^Ja;/^-\^^) ^ R^om,^^^^„(c./oa;/«-\a;/o^^) 

^ R^om^^^^^(^x,a;/). 

One shall be aware that the composition of these isomorphisms does not 
coincide in general with the composition of 

R^om^_^^^^««-\^^) ^ R^om,^^^^„«^-iou;/,^^ou;/) 

^ R^om^^^^„(^x,a;/). 

We shall see that they differ up to hhx(wx) o (see Lemma [4.3.41 below). For 
that reason, we shall not identify 'H'H{.g/x) and YLJlfom ^^^^^{^x^^x )- 
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Lemma 4.1.1. Let ^ & D^^^^^/x) ■ There are natural morphisms in D^^^{^xxx% 

(4.1.2) w/®-^ ^Id;^^, 

(4.1.3) ^&D^^-^^x. 
Proof, (i) We have 

RJfbm^^(^,^) ~ (D'^^)|)^^^ 

=^ ^x«®^^^^„(^|d:^^) 



The identity of Hom^^(^, ^) defines the desired morphism. 

(ii) Applying the duah^y functor D^^^^^^ to fl4X2D . we get fl4X3|) . Q.E.D. 

Let ^ G DJ?qJj(£/x)- We have the chain of morphisms 

(4.1.4) ^ ^^..I^^^^j^Id:^^) 

We get a map 

Rom^J^,^) ^ /7g%p(.^)(X;?{?/(^x)). 
For n G End(^), the image of n gives an element 

(4.1.5) hhx((^,n)) G i/s%p(.^)(^;™Kx)). 
Notation 4.1.2. For a closed subset A of X, we set 

(4.1.6) HHa(^x) :=if°RrA(X;HH(=i/x)). 

Definition 4.1.3. Let ^ G Dj?„h,A(-^^)- hhx(^) = hhx((^, id.^)) G 

liB.\{£/x) and call it the Hochschild class of 

Lemma 4.1.4. Let ^ G \)\^^J^s^x\ The composition of the two morphisms 
fl4X2D and fl4X3|) .- 

coincides with the Hochschild class hhx(^) wi/ien identifying T-CH^^^x) with 
R^om^^^^^(u;^^-\^x). 
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Proof. The Hochschild class hhx{^) is the image of id ^ by the composition 

Q.E.D. 

Theorem 4.1.5. The Hochschild class is additive with respect to distin- 
guished triangles. In other words, for a distinguished triangle — )■ ^ — )■ 
^ in Y)\^^{£^x), we have 

(4.1.7) hhx(^) = hhx(^') + hhx(^")- 

L 

Proof. Although the bifunctor • • is not internal to our category, the 
theorem of May [H] is easily adapted to this situation. Q.E.D. 

By this result, the Hochschild class factorizes through the Grothendieck 
group. Therefore, if A is a closed subset of X, we have the morphisms 

(4.1.8) ^UA'^x) ^ Keoh,A(=s/x) ^ W^i^x). 
Duality 

Denote by s : X x X"" — )■ X" x X the map (x, y) H- {y, x) and recall that 6x 
is the diagonal embedding. Then s o Sx = Sx, s~^^x — ^X'^, s~^-^xxX"^ — 
.{^X'^xx and we obtain the isomorphisms 

nni^x) = SxC^x^&^^^^^x) 

^ 5x's~\^x^^^^^^yx) 

^ Sx^s-'^xA-^^^^^.^-'^^x) 

After identifying HHl^x) and 'H'H{^x'^) by the isomorphism above, we 
have: 

(4.1.9) hhx<.(D^^) = hhx(^). 

Remark 4.1.6. Let ^ he a. DQ-algebroid and let ^ be an inverstible C^- 
algebroid on X. Then 

(4.1.10) £/^:=£/^^, ^ 
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is a DQ-algebroid on X. We have the natural equivalences 
We deduce the isomorphism 

(4.1.11) unisex) ^nnis^i). 

4.2 Composition of Hochschild classes 

Let Xi be complex manifolds endowed with DQ-algebroids s^Xi {i = 1; 2, 3) 
and denote as usual by pij the projection from Xi x X2 x X3 to Xi x Xj 
(1<^<J<3). 

Proposition 4.2.1. There is a natural morphism 

o : RpMPi2^ni^x,xxs)hp2inni£/x,xxs)) ^ nni^/x.xxs)- 

Proof, (i) Set = x X^. We shall denote by the same letter pij the 
projection from Zi x Z2 x to Zi x Zj. 
We have 

nn{£^x,xx^) 

^ C^xJ^x,)®^^ ^^.(^xl%) 

* i 

I j J j ■' j 

^ R^om^^^^^^^Ja;^^®-ii<^x;,^xl<.). 

Set S,, ■. = uj^^-'W€x^^ e B^^^^i^z.xz^) and K,, :=^x Jo;^. e D^^J^^^,^.). 
Then we get 

Thus we obtain a morphism in D^(C|^x^2xZ3) 

L 

P12 'H'Hi^Xi X ) ®P23 "HH (^/x2 X X3" ) 

L 

~ R^Om^^ (^12, i^l2)®P23 R=^0"^^^ (^23, ^23) 
^ PrS^R^^Om^^^^^^^ (^12^^^523, i^l2®^^^i^23). 
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We get a morphism 

L _ 

RPl3i(Pl2 'H'H{s^XixX-)®P23 'H'H{£^X2XX!})) 

(4-2.1) . L , 



(ii) We have a morphism 

L 

which induces the morphism: 



that is, the morphism in I) {£^zixzs)- 



L 



(4.2.2) 5l3^Rpi3*(5l2®^^/23). 

(iii) We have a morphism (see f l2.5.7p ): 

(^xj<.)®^,^(^xj<.) ^ pr3 (^xj<.)[2rf2], 

which induces the morphism in T)^{^ZixZ!^)'- 

(4.2.3) Rpi3!(i^l2®^^^i^23) ^ i^l3. 

(iv) Using (iX2]) and f HX3|) we obtain 

L L 
RpiS.R^^Om ^^^^^^^ (5l2®^^^523, Ki2^^^K23) 

(4.2.4) ^ R^om^^^^^^„ (Rpi3.(5l2i^^/23), Rpi3!(i^l2®^^^i^'23)) 

^ R^om^^^'^^>i3,i^i3) ^ ^^(-^^x.xxi). 

Combining (14.2. ip and fl4.2.4p . we get the result. Q.E.D. 

Let us denote by the real underlying manifold to X and by cj^^ the 
topological dualizing complex of the space with coefficients in C^. Note 
that X being smooth and oriented, is isomorphic to [2(ix]. 

Corollary 4.2.2. There is a canonical morphism T-CH^^/x) ®'H'H{-^x) 

top 

Proof. Let us apply Pr op osit ion 14 . 2 . 11 wit h X2 = X , Xi = X3 = pt. Denoting 
by ax the map X — )■ pt, we get the morphism Raxi{'HT-L{^x) ®'H'H{^x)) 
Cpj. By adjunction we get the desired morphism. Q.E.D. 
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4.3 Main theorem 

Consider five manifolds Xi endowed witli DQ-algebroids ^x, = 1, • • • , 5). 

Notation 4.3.1. In the sequel and until the end of this section, when there 
is no risk of confusion, we use the following conventions. 

(i) For i,j G {1,2,3,4,5}, we set Xij := Xi x Xj, Xija := Xi x Xf and 
similarly with Xij^, etc. 

(ii) We sometimes omit the symbols pij,pij^,p~j^ , etc. 

(iii) We write s^i instead of ^Xi, ^ii<^ instead of ^x^^a and similarly with 
^j, ujf , etc., and we write o instead of o , * instead of * , M'om ■ instead 

t Xi I Xi 

of J^om^, and ®^ instead of and similarly with zj", ijk, etc. 

(iv) We write D' instead of D'^ and ux instead oi Ux ■ 

(v) We often identify an invertible object of D^(£^ ® £^x'^) with an object 
of D'^(£^xX'') supported by the diagonal. 

(vi) We identify (X, x X'^f with x Xj. 

Let Ajj C Xij (i = 1,2, j = 2 + 1) be a closed subset and assume that 
Ai2 Xx2 A23 is proper over Xi x X3. Using Proposition 14.2. H we get a map 

(4.3.1) o : Ym^,,{^x,,a) X HHa23(^x,3J YiYL^,,oK,A^x,,a). 
For Cij G HHa-^ (.g^.^.j, ) (z = 1, 2, j = z + 1), we obtain a class 

(4.3.2) C12 o C23 G HHa,,oA23(-s^x,3J- 

L L L L 

The morphism ("^la^-^-^^^i) Kl (^2°®22<^^2) — ^ (^i"2°®i2ia2ci^i2) induces 
the exterior product 

(4.3.3) m : HHa,(^xJ x HHa,(^xJ ^ HHa lXA2(-S^XiXX2) 
for Ai c Xi (z = 1,2). 

Lemma 4.3.2. Let Aij C Xij (i = 1, 2, 3, j = i + 1 )an(i assume that Aij Xx^ 
Ajk proper over X it {i = 1,2, j = i + l, k = j + l). Let Cij G HHa^^ (=s/x,, J 
(^ = 1,2,3, j=^ + l). 

(a) One has (C12 o C23) o C34 = C12 0(6*23 ° (^34) ■ 



4.3. MAIN THEOREM 



109 



(b) For C245 e HH(£/x245a) we have 

[Ci2 Kl C34) O C245 = C12 0(6*34 O C245)- 
24 2 4 

(c) 5ei C A, = hhx„. (^x, ) . T/ien C12 o C A, = C A, o C12 = Cu • 

(d) (Ci2KCa3)20^C23 = Ci2oC23. /fere C12 K C A3 ^ HHa,, x A3 Kx,,. 33 J 
regarded as an element o/HHA^2xA3(-5^X(i3a)(23a)a)- 

Proof. The proof of (a) and (b) is left to the reader and ^ follows from 
Lemma 14.3.41 below. Indeed, in (14.3. 7p is equal to the identity when 
since the functor ^ i— )■ * ^ 0UJ2* D'=J^ is isomorphic to the 

identity functor. 

(d) follows from (b) and (c). Q.E.D. 
In order to prove Theorem 14.3.51 below, we need some lemmas. 

Lemma 4.3.3. Let G XS'l^^.J^s^x^^o) ■ Then, there are natural morphisms 
tnD\^x,,a): 

(4.3.4) wf-^ ^ jr*D^jr, 

(4.3.5) jrow2oD^=vr ^^1. 

Proof, (i) By (I4.1.2p . we have a morphism in D^{^x-^2<^2i'^) 

'^12"^ — ^ '^^^^ ^.J^ . 

L 

Applying the functor •®22"'^25 we obtain 

Puicuf-' ^ Uf'^ M (D:^'^2®22«^2) ^ U;f2^'®22'"^2 ^ (JtId^^JT) ®22" ^2- 

By adjunction, we get f l4.3.4p . 

(ii) By fl4.1.3p . we have a morphism in D^{s^x 12^21'^) 

L 

Applying the functor •®22ai^2, we obtain 

(jrio^jr) ®22" ^2 ^ ^12«(|)22«^2 ^ '^l®C|j2d2]. 

Here the last arrow is given by (I2.5.7p . By adjunction, we get f l4.3.5p . Q.E.D. 
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For the sake of brevity, we shall write FAHom instead of H^(Rr\RJ^om). 
Let Ai2 be a closed subset of Xi x and A2 a closed subset of X2. Let 
G Dj?Qjj(,(2^^2a) with support A12. We assume 

(4.3.6) A12 A2 is proper over Xi. 
We define the map 

(4.3.7) HHa,(^xJ HHa,,oA.(^xJ 
as the composition of the sequence of maps 

^ FA,,xx,A.Hom,,„(jr4(c^2''"' ° ^2 o D^^JT), ^^^(^2 o a;2 o B'^J^)) 

^ FAi^oA^Hom,,, (Rpu(jr®2K"' ° ^2 o D^^JT)), Rpi,(jr®2C^2 o U2 o D^^JT))) 
— FAi2oA2Hom-^-i^„(.j^ * D^=j^, 0UJ20 

FAi2oA2Hom^^4a;f-\<^i) ~ HHai^oA^I-c^i)- 



L 

The first arrow is obtained by applying the functor =Sf ^ ,J>^®JyJ£ 2 '^^ ° D^^), 
The last arrow is associated with the morphisms in Lemma 14.3.31 

Lemma 4.3.4. The map BRAii-^Xi) — > HHai2oA2(-«^Xi) in (14.3. 7p is 
the map hhxi2a {'^) o given in (I4.3.2p . 

Proof. In the proof, we do not write A12 and A2. Let A = \\hi2a{J(f) G 
HH(^i2a) and let A2 G HH(=e/2)- We regard A as a morphism on Xi2a2i": 

A : Cc'x2° ^ — ^ J^^Q — y '^\2°- • 

We regard A2 as a morphism ~^ — ^2- Then $ ^(A2) is obtained as the 
composition 

wf-^ ^ * ^ Rpi, (jr®2(a;f-^ o u;2 o D^JT)) 

^ Rpi, (jr®2(^2 o W2 o D^JT)) ^ o a;2 o D^jr ^ -^i. 

In the following diagram in the category V>"[^si\\a Kl C^^xX"); write D' 
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^®2(aj®"^oaJ2oD'^) ■ 



X2 



■ je'(^JV2 0u2oD'j(r) 



^12o 1^2") 5 



CrilcJ2»)®22"^2 



■ <«fi K C«f^ [2d2] 



Here we used 0^2 o L ~ L o a;2£t. This diagram commutes, and the rows on the 

top and the right columns p^/awf"^ — (a;2 o(^^D'^^))®22a'^2 — ^ Pn^^i 
induce A o A2 : cjf ^1 by adjunction. Therefore, the diagram 



A2 



^AoA2 O ^2 O W2 O 

^- 2 2 2 




commutes, which gives the result since the composition of the rows on the 
top and the vertical arrows is ^,je{^2)- Q.E.D. 



Theorem 4.3.5. Let Aj be a closed subset of Xi x Xj+i (i = 1,2) and 
assume that Ai ^2 is proper over Xi x X3. 5*6^ A = Ai o A2. Let 
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'^^^^U,AS^x^xXfJ i^ = ^,'^)- Then 



(4.3.8) hhx,3„ (JTi o JTa) = hhx,,„ (J^) o hhx,,a (e^Ts) 

as elements o/HHa(=2^ixx^)- 

Proof. For the sake of simplicity, we assume that = pt. Consider the 
diagram in which we set A2 = hh2(J^) G HH(=s/x2) — Hom (wf ^2) and 
we write D' instead of D'^: 



■ O <^2 O O D' jTi ^ ^1 

2 2 2 



JTi o( J^KD' J^) 0^20 D'JTi 
2 22 



(jTl O J^)KD'J^ O W2 o D'JTi 

2 2 2 



(j^o j^)MD'(jrio j^) 



Here, the left horizontal arrow on the top is the composition of the morphisms 

®-i _s_ ^oD'v^ — ^ o u;?""'^ o a;2 o D'vJ^. The composition of the 
1 2 222 

arrows on the bottom is hhi(^ o J^) by Lemma [4. 1.41 and the composition 
of the arrows on the top is (hh2(J^)). Hence, the assertion follows from 
the commutativity of the diagram by Lemma [4.3.4[ Q.E.D. 



Recall Diagram 13.4.41 Using f l4.1.8p . we get the commutative diagram 

o 

(4.3.9) Kcoh,Ai(=«2^12«) X Kcoh,A2(=«43'') ^Kcoh,A( 

— ^HH/ 



/12a) X Kcoh,A2(=«^23'', 
HHa,(£/i2.) X HHA2(i430- 



hhi3a 
13° ) • 



Remark 4.3.6. (i) The fact that Hochschild homology of ^-modules is func- 
torial seems to be well-known, although we do not know any paper in which 
it is exphcitly stated (for closely related results, see e.g., [58 | fT^ 133] ). 
(ii) In [15], its authors interpret Hochschild homology as a morphism of func- 
tors and the action of kernels as a 2-morphism in a suitable 2-category. Its 
authors claim that the the relation $ o $ = $,^^^0^2 follows by gen- 
eral arguments on 2-categories. Their result applies in a general framework 
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including in particular (^-modules in the algebraic case and presumably DQ- 
modules but the precise axioms are not specified in loc. cit. See also [58] for 
related results. Note that, as far as we understand, these authors do not in- 
troduce the convolution of Hochschild homologies and they did not consider 
Lemma [4.3.41 nor Theorem I4.3.5[ 



Index 

Let K be a field, let M e D5(K) and let u e End(M). One sets 
tr(M, M) = J2^-iy ii{H\u) : H\M) H'{M)), 

x(M) = 5^(-l)MimK(if^(M)). 

If X = pt, then nni£^x) is isomorphic to C', and B]:^^{£/x) = D5(C'^). 

Recall that we have set ^1°^= = Jl . For M G and 

u G End(M), we have 

(4.3.10) hhpt((M, u)) = tr(M'°^ M'°=). 

In particular, 

hhpt(M) = x(M'°=). 

Moreover, we have 

X(M1°'=) = x(gr,(M)) 

= Y,(-iy{dimciC0^,H\M))-dimcToTf{C,H\M))). 

In the sequel, we set 

x(M):=x(M'-). 

As a particular case of Theorem I4.3.5[ consider two objects ^ and 
jV in V>\^T^{s^x) and assume that Supp(^) fl Supp(o4^) is compact. Then 
RHom^_^(^,^) belongs to V>){^^) and 

x(RHom . (^,^)) = hhpt(D:^^o^) 



X 



= hhx«(D;^^)ohhx(^) 

= hhx(-#) ohhx(^). 

Note that we have 

x(RHom^^(^,^)) = x(RHom^^.oe(^'°^^^°^)) 

= x(RHomg^^(^^)(gr;-,(^),gr;,(^))). 
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4.4 Graded and localized Hochschild classes 

Graded Hochschild classes 

Similarly to the case of ^x, one defines 

L 

Note that T-CH{gif^{£/ -^)) ~ 'C®^f,l-CH{£/x) and there is a natural morphism 

Notation 4.4.1. For a closed subset A of X, we set 

(4.4.1) HHA(gr,^x) := i^°RrA(X; nn{gT ^{^ ^))) . 
We also need to introduce 

(4.4.2) HHA(gr,,^x) := l^HHA(gr,M/), 

u 

where U ranges over the family of relatively compact open subsets of X. 

For ^ G Dj?Qjj(gr;j(,2^)), one defines its Hochschild class hhx(^) by the 
same construction as for .c^-modules. For ^ G DJ?qJj(,(2^), we have: 



gr;,(hhx(^)) = hhx(grfi(^)). 

Theorem 14.3.51 obviously also holds when replacing with gif^ysaxj 

Corollary 4.4.2. Let Aj he a closed subset of Xi x Xj+i {i = 1,2) and 
assume that Ai x^a A2 is proper over Xi x X3. Set A = Ai o A2. Let G 

DcohA(gr;.Kx,xX^^J) (^ = 1,2). Then 

(4.4.3) hhx,3„ (JTi o JTa) = hh;,^,„ (J^) o hhx,3„ (JTs) 

as elements of BB.\{gTnS^Xixx§) ■ 

It follows that the diagram below commutes 

o 

(4.4.4) Kcoh.Ai {gTn^i2^) X Kcoh.Aa (grfi-^^s-) ^ Kcoh,A(grrXi3°) 



hh 



hh 



HHAi(gr^i2/i2«) X HHA2(gr;,i2/23'') ^ HHA(gr;,i^/23'')• 
We shall study the Hochschild class of ^-modules with some details in 
Chapter [51 
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Hochschild classes for £/j^^ 

One defines 

nnis^kn := '^x^^^^o.^yx"- 

We have 'H'H{£/x^) ^ CS^^^ l-Ll-L{s/x)- and there is a natural morphism 

For G DJ?qJj(£/^°'^), one defines its Hochschild class hhx(^) by the same 
construction as for £^*x-niodules. For ^ G D^^^{^x), setting = 
C"'^""" ®c'> have 

(hhx(^))'°'= = hhx(^^°"). 

Recall that the notion of good modules and the category Dgj(£^°'^) have 
been given in Definition l2.3.16l One immediately deduces from Theorem 14. 3. 5 1 
the following: 

Corollary 4.4.3. Let Aj be a closed subset of Xi x Xj+i (i = 1,2) and 
assume that Ai x^a A2 is proper over Xi x X3. Set A = Ai o A2. Let 
e DI^,aS<%xu.) = 1,2). Then 

(4.4.5) hhx,3. ( JTi o JTa) = hhx,,a (=^1) o hhx,3a {^2) 
as elements of HHaI^Xixx^) ■ 

Using Proposition 13.4.31 and the additivity of the Hochschild class in The- 
orem 14.1.5^ we find that there is a natural map 

(4.4.6) Keoh,A(gr,^x) ^HHA(gr,^x). 

For ^ G Dgd,A(-^°'^)) we denote by hhx{-^) the image of ^ by the se- 
quence of maps 

Dgd,A«") ^ Keoh,A(gr,=^^x) ^ HHA(gr,^x). 

Let Aj be a closed subset of Xj xXj+i (i = 1, 2) and assume that Ai x^a A2 
is proper over Xi x X3. Set A = Ai o A2. 
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Using the commutativity of Diagrams I3.4.5[ we get that the diagram 
below commutes 

(4.4.7) Ob(Dj,,^^«-)) X Ob(Dj,,^^«-)) — Ob(D^,,^«-)) 



sin 



gift 



Kcoh,Ai(grfi-^12-) X Kcoh,A2(gr;i=e/23-) 



HHA,(gr;-,£/i2a) X HHA2(gr;,^/23a) 
In other words, 



■Kcoh,A(grftM3«) 



HHA(gr;-^£/23a; 



(4.4.8) hhJg^JTi o J^) = hhfs^J^) o hh23.(J^). 

Corollary 4.4.4. Let ^ G D^^is^/^^) and assume that Supp(^) fl 
Supp(^) is compact. T/ien RHom^^(^, yT) belongs to D^(C'') and 

x(RHom^,o.(^,^)) = hhi„(D^^)ohh5,(^) 



hh5(^)ohh^(^). 



Proo/. One has by flXi:^ 

x(RHom^^oc(^,^)) = hhpt(D;^^o^) 

= hhp, (D^^ o ^) = hh^. (D^^) o hh^ (^) 

and the last equality follows from fl4.1.9p . Q.E.D. 



Remark 4.4.5. In the algebraic case, that is, in the situation of § 12.71 one 
should replace Kcoh.A with Kcoh.A and ^^^LA^tSs^n-^x) with VLQ^tSs^n-^x)- 



gr 

We shall explain how to calculate hh^^ in Chapter [51 



Chapter 5 

The commutative case 



We shall make the link between the Hochschild class and the Chern and 
Euler classes of coherent i^x-inodules, following [33], an unpublished letter 
from the first named author (M.K) to the second (P.S), dated 18/11/1991. 

5.1 Hochschild class of ^-modules 

In this section, we shall study the Hochschild class in the particular case of 
a trivial deformation. In this case, the formal parameter h doesn't play any 
role, and we may work with ^-modules. We shall use the same notations 
for ^x-niodules as for (^x[[^]], *)-niodules where -k is the usual commutative 
product. 

Note that the results of this section are well known from the specialists. 
Let us quote in particular [H [13 ESI SHI ESI ESI ES] . 

Let (X, ^x) be a complex manifold of complex dimension dx- As usual, 
we denote hj 6x- X --^ X x X the diagonal embedding. We denote by Qx 
the sheaf of holomorphic i-forms and one sets fix ■.= ^'j^. We set 

ux ■=^x [dx]- 

We denote by D'^ and the duahty functors 

When there is no risk of confusion, we write D' and D instead of D'^ and D^, 
respectively. 

Let f : X ^ Y he a morphism of complex manifolds. For ^ G D'^(i^y), 
we set 
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We use the notation H°{f*): Mod((^y) Mod(^x) for the (non derived) 
inverse image functor. 

The Hochschild homofogy of is given by: 

(5.1.1) nni^x) ■■= S*x6x.^x, an object of B^{ffx)- 
Note that 6x\ — Sx* — R^x*, and moreover 

(5.1.2) 6x.nn{^x) ^ Sx.{^xhs*x{6x*^x)) ^ ^x.^xh^^^Jx^^x- 

By reformulating the construction of the Hochschild class for modules over 
DQ-algebroids, we get 

Definition 5.1.1. For ^ e Dj?^h(^x), we define its Hochschild class hhx(^) G 
ifg^pp j^(X; (5^(5x*^x) as the composition 

(5.1.3) ffx RJifom^J^,^) ^ 6*x{^Mp'^) 6*x6x*^x- 

Here the morphism ^^D'^ — 6x*^x is deduced from the morphism 
S*xi^MD'^) ^ ^hi^jy'^ Gx by adjunction. 

Applying Theorem 14. 3. 5^ we get that for two complex manifolds X and 

Y and for ^ G V)\JyGx) and ^ G V^lJ^Gy), we have 

hhxxy(^M^) = hhx(^) Khhy(^). 

Let j: X — )■ y be a morphism of complex manifolds and denote by 
C X X y its graph. We denote by hhxxy(^r/) the Hochschild class of 
the coherent i^^'^xy-module Gvj- Hence 

hhxxy(^r,) G E\X x Y-nU^Gx^Y))- 
Applying Theorem I4.3.5[ we get 
Corollary 5.1.2. (i) Let ^ G Dj?„h(^y). Then 

hhx(/*^) = hhxxy(^r,) o hhy (^). 
(ii) Let ^ G D|?qJj(^x) o'^f^ assume that f is proper on Supp(t^). Then 

hhy(R/,^) = hhx(^) o hhxxy(^r,). 

In Proposition 15.1.31 and 15.2.31 below, we give a more direct description 
of the maps hYixxYi^r,) ° and ohhxxYi^r,)- 
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Proposition 5.1.3. Let f : X ^ Y be a morphism of complex manifolds. 
(i) There is a canonical morphism 



(5.1.4) 



'X- 



(ii) This morphism together with the isomorphism ffx ^ f*(^Y induces a 
morphism 

(5.1.5) r : H''{RT{Y;5*y5Y.ffY)) ^ H\RT{X; S*^5x*^x)) 
and for '^^ G D|?Qjj((^y), we have 

(5.1.6) hhx(/*^) = /*hhy(^). 

Proof, (i) Consider the diagram 



(5.1.7) 



Y 



Sy 



■X xX 
/ 



Tlien we liave morpliisms 



f*6*y6Y,^Y ^ S:^f*6Y.^Y ^ S*^6xJ*^Y ^ 5\5x.ffx- 



Here the arrow — j- Sx*f* is deduced by adjunction from 



(ii) The diagram 



6y. ^ 5y*R/*r ^ R/*5x*r 
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commutes. It follows that the diagram below commutes. 



'X 



Therefore, the image of hhyi^) G Hom^ {^y, Sy^y*^y) by the maps 



}iom^^{ffY,S*y6YM ^ Rom^ jr^Y,rS*y6YM 

Rom^ (ffx,5*x5x,^x) 



is hhx(/*^ 



Q.E.D. 



Remark 5.1.4. Although we omit the proof, the map in (15.1. 5p coincides 
with hhxxy(^rj) ° ■ 

Ring structure 

For an exposition on tensor categories, we refer to [H]. 

Proposition 5.1.5. (i) The object b\bx*(?x is a ring in the tensor cate- 

L 

gory (Dcohi^x),^^^- More precisely, 

(a) the map fi obtained as the composition 

S*xSx*^xh)^J*xSx*^x ^ S*j,{6x.ffx®^^^JxM 

5*xSx*^x- 

is associative. Here the last arrow is induced by ?ix*^x®^x*^x ~^ 
8x*^x- 

(b) hhx(^x) is a unit of this ring. More precisely, the natural mor- 
phism e defined as the composition 



e: ax 



5*x&Xy.X 5*x5x*^X 
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has the property that the composition 



S*xSx*^x ^ S*xSx*^x^^^^x ^ S*x6x.Gx®ffJ*xSx*^x 

5*x5x.Gx 



is the identity. 

(ii) The ring {SxSx*Gx, fJ') is commutative. More precisely, we have fi o 

L 

0" = yU, where a G Aut j-,b(^.^)(5x'^^*^^®^'^^x'^^*^^) ^-^ morphism 
associated with x®x'^x'®x. 

(iii) The object 5^'x5x\^x has a structure of a 6xSx*Gx-nT'0dule. More pre- 
cisely, the composition 

L , , L 

S^Sx^^X^ff^^X^XlU^X Sxi^x*^x^f)^^^^Sx\U^x) 

6xSx\(^x- 

is associative and preserves the unit. Here, the last arrow is induced by 

L 

Sx*Gx®^^^^Jx\UJx ^ Sx*{5*x5x*Gx ujx) ^ Sx^i^x ujx) ^ 
6x*ujx by adjunction. 

Proof. The verification of these assertions is left to the reader. We only 
remark that the commutativity and associativity are consequences of the 
corresponding properties of bx^^x- For example, the commutativity is the 

L 

consequence of the commutativity of bx*G'x®ff^_^^bx*Gx ^x^^x- Q.E.D. 

Notation 5.1.6. For Ai G H\JyX\b*xbx^Gx) {i = 1,2), we define their 
product Ai • A2 as the composition 

^x ^ ^xh)^.^ffx 5*x^x.^xh)^.Jx^x.^x A 6*x5x,Gx. 

Proposition 5.1.7. Let G T)\J^ex) = 1,2). Then 

(5.1.8) hhx(^i®^^^2) = hhx(^i) •hhx(^2). 
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Proof. Consider the commutative diagram below (in which ® stands for 
ffx ^ ® ^x 



S*x{^^ K D'^i) ® S*x{^2 K S*xSx*^x ® S*xSx*^x 

I 



■ S*x{{^i ® ^2) K D'(^i ® ^2)) 



The composition of the arrows on the top and the right gives hhx(=^i) •hhx(=^2) 

L 

and the composition of the arrows on the left and the bottom gives hhx(^i®^ ^2)- 



Note that 



hhx(^i®^^^2) = (5i(hhx(^i) Khhx(^2)). 



5.2 co-Hochschild class 

Definition 5.2.1. For ^ G D]^^^{ffx), we define its co-Hochschild class 
thhx(^) G Hg^pp^(X; 5x5xiUJx) as the composition 

(5.2.1) ^x RJ^om^J^,^) ~ 5x{^W^(y^) ^ ^x-^xi^x- 

Here, the morphism {^MD^^) — 5x\UJx is induced from 5x{'!^MJ^e'^) — 
^®^^D^^ —J- cJx by adjunction. 

Consider the sequence of isomorphisms 



S*x5x*^x 



^x®ffj*x5x,^x ^ 5x{^x^ujx)®ffJ*x5x*^x 



6 



X 



x^ujx)h^^jx*^x) ^ 6xSx*{S*x{^xm^x)h^ 



'X; 



^ 5x5x\^^x- 
We denote by td the isomorphism 
(5.2.2) td: 6*x6x.&x ^ 



5^x5 x\^x 
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constructed above. For a closed subset S" C X, we keep the same notation 
td to denote the isomorphism 

(5.2.3) td: HliX;S*^Sx,^x) ^ Hl{X; S'-^6x,uJx). 
Proposition 5.2.2. For ^ e J^\^^{ffx), we have 

(5.2.4) thhx(^) = td o hhx(^). 

Proof. The proof follows from the commutativity of the diagram below in 
which we use the natural morphism i^x ^^'xi^x ^ ^x) 

■5*^{,^m D'^) ^ b\bx.Gx 

I 



'X 



ux)®{^^^^'^))- 



\ 



6 



X 



'xMux)(S)6x,^x) 
I 



SxSx*{Sx{^x^cox)®^x) 



(5^(^KD^) 



Sx5x](^x- 



Q.E.D. 



For a morphism / : X ^ Y of complex manifolds, we denote by rf_pi.(X; • ) 
the functor of global sections with /-proper supports. 

Proposition 5.2.3. Let f : X ^ Y be a morphism of complex manifolds. 

(i) There is a canonical morphism 

(5.2.5) Rf\6x5x\^x 6ySy\(^y- 

(ii) This morphism together with the morphism Gy — R/*^x induces a 
morphism 

(5.2.6) /, : ff°(Rrf„pr(X; ^^x-c^x)) ^ H\RY{Y- 6'yh^^Y)) 
and for ^ G Dcoii('^^) ^"^ch that f is proper on Supp(^), we have 

(5.2.7) thhy(R/,^) = /i thhx(^). 
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Proof, (i) Consider the diagram (15.1. 7p . Then we have morphisms 

Rf\6xSx\oox — ^ SyRfiSxioox — SydYiJifioox — ^ 6ySy\ujy- 
Here, the first morphism is deduced by adjunction from 

(ii) The proof is similar to that of Proposition 15.1.31 and follows from the 
commutativity of the diagram below in which we write for short f\ and /* 
instead of R/i and R/* and similarly with /. 

f*^x fJxi-^ ^ D^) 0xSxiOOx 

SyM^ K D'^) SyfiSxiOOx 

^yU\^ ^ D/,^) 5y5y\u:y. 

Therefore, the image of thhx(^) G Hom^^((^x5 <^x<^X!i^x) by the maps 
Tf_^^{X;M'om^^{&x,5'x^x\(^x)) Hom^,^(R/,^x, R/i^x^xi^^x) 

is thhy(/,^). Q.E.D. 

Remark 5.2.4. Although we omit the proof, the map in fl5.2.6p coincides 
with o hhjjf xy(|^^/)• 
5.3 Chern and Euler classes of ^-modules 

The Hodge cohomology of ffx is given by: 

dx 

(5.3.1) nV{^x) ■■=^^x an object of B^{ffx)- 

i=0 
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Lemma 5.3.1. Let f : X ^ Y be a morphism of complex manifolds. There 
are canonical morphisms 



(5.3.2) 
(5.3.3) 
(5.3.4) 



Proof. The morphisms (15.3.21) . (I5.3.3P and (I5.3.4P are respectively associated 
with the morphisms 

f*n^[i]^n^[i], 

Rf^r^'^'' [i + dx] ^y'^'' [i + dy]. 

Q.E.D. 

Theorem 5.3.2. (a) There is an isomorphism 

ax:S*x6x.^x^nV{ffx) 
which commutes with the functors Kl and f* . 
(b) There is an isomorphism 

I3x: HV{i^x) ^ Sx6xi00x 
which commutes with the functors Kl and f\ . 

Setting r := (3^ o td o a^^, we get a commutative diagram in Ri°{&x)'- 
(5.3.5) S*x5x^ffx ^(Jy^xi^x 



ax 



nvi^x) — ^ — ^nvi^x). 

The construction of ax and Px and the proof are given in the next section. 
Definition 5.3.3. For ^ e D^,(M, we set 



dx 



(5.3.6) ch(^) = ax o hhx(^) G //LppG^)(^; ^) 

i=0 
dx 

(5.3.7) eu(^) = othhx(^) G //^„pp(^)(X; fi^). 



i=0 



We call ch(^) the Chern class of ^ and eu{^) the Euler class of 
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Of course, ch.{^) coincides with the classical Chern character and the 
morphism ax is the so-called Hochschild-Kostant-Rosenberg map. 
The following conjecture was stated in |35j . 

Conjecture 5.3.4. One has eu{ffx) = tdx{TX), where tdx{TX) is the 
Todd class of the tangent bundle TX. 

This conjecture implies that eu{^) = ch.{^) U tdx(TX). Indeed, for 
a,b e H*{X] 5*x5x*&x)-, we have td(ao6) = aotd(6) by Proposition [5X5] dm]) 
and Lemma 15.4.71 below. 

This conjecture has recently been proved by A. Ramadoss [53] in the 
algebraic case and by J. Grivaux [30] in the analytic case. 

An index theorem 

Consider the particular case of two coherent i^x-modules (i = 1,2) such 
that Supp(^i) n Supp(^2) is compact. In this case we have (see [33] 153] ): 

hhpt(ifio^2) = x(Rr(X;ifi®^^if2)) 
(5.3.8) = f (ch(^i) Uch(.if2) Utdx(TX)). 

We consider the situation of Corollary 14.4.41 Hence, si^x is a DQ-algebroid 
on X. 

Corollary 5.3.5. LetJl^jV G D^rf(^x'') and assume that K ■=Snpp{^)r\ 
Supp(^) is compact. Let U be a relatively compact open subset of X contain- 
ing K . r/ien RHom^ioc(^, c/^) belongs to D^{C'^'^°'^) and its Euler-Poincare 
index is given by the formula 

x(RHom^,oe(^,^))= / ch^((gr^D:^^))Uchc;(gr,^(^))Utd^(Tf/). 
^ Ju 

Proof. Applying Corollary 14. 4. 4^ we have 

x(RHom^^oe(^,^)) = hhpt(D^^o^) 

= hhpt(gr;,D^^o o gr^-^), 



where (resp. ^) is an object of Y)^^-^{£^u) which generates ^ (resp. =yf ) 
on U . Then, the result follows from fl5.3.8p . Q.E.D. 
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As usual, we denote hj pi: X x X ^ X the i-th projection [i = 1,2). The 
following lemma is well-known. 

Lemma 5.4.1. Let ^ be an {^x ^ ffx)-fnodule supported by the diagonal. 
Then the following conditions are equivalent: 

(i) Pi*'^ is « coherent i^x-'module, 

(ii) P2*^ is a coherent i^x-'module. 

If these conditions are satisfied, then the map ^ — )■ ^xxx ^ff^^ffx '^^ 
isomorphism. In particular, the {^x 0'x)-module structure on ^ extends 
uniquely to an iffxxx-iT^odule structure. 

We define the pj^^i^x-module 

Pk := Sx.n'k ® Sx,n)t^ for k>Q, P, = for k<0. 

We endow the P^'s with a structure of p^^i^x-module by setting 

p*2{a){ujk®0k+i) = auk ® {a9k+i - da A Uk) 

for a G i^x, ^ ^k+i ^ ^x"^- This defines an action of P2^^x since 

P2(«i)P2(«2)(t^fc © dk+i) = p*2{ai){a2UJk © (026*^+1 - da2 A Uk)) 

= aia2Uik © (oia2^fc+i ~ aida2 A lo^ — dai A 02 ujk) 

= aia2U}k © (01026*^+1 - d{aia2) A Uk) 

= P*2{aia2){uJk®0k+i). 

By Lemma I5.4.H we get that Pk has a structure of ^xxx-niodule and we 
have an exact sequence: 

(5.4.1) ^ Sx.n'^x^' ^ Pk Sx.n\ ^ 0. 

Hence 5x,n^[k] ^ {^x.^^x^ ^ Pk) ^ 5x.n)l\k + 1] defines the morphism 

ik:5x.n''[k]^5x.n';t'[k + l]- 

It induces a morphism 

(5.4.2) e: ®Sx.n),[k] -^^5xA\k]- 

k k 
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Let df^^ : Pk Pk~i be the composition 



(5.4.3) 



df^"^: Pk > 6x*^x — ^ — ^ -Pfc-i- 



We define the complex P. whose differential dp'^: Pk — )■ Pk-i is given by 
kdf'"'. Then Imrf|*^" ^ Im/3fc ^ 6x*^x and Ker^*^" ~ Ker /3fc ^ 
Therefore we have a quasi-isomorphism P. — )■ bx^^x- 

Lemma 5.4.2. The morphism 

(5.4.4) «x: 5x5x*^x ^ ^°(5x)(^-) - S^^xW 

an isomorphism in D^(i^x)- 



Proof of Lemma 5.4-^ Since the question is local, we may assume that X is 
a vector space V. Then we have a Koszul complex 



®/\V* 



z 



and an isomorphism ^ 



. A* ^* ^ Sx.^x in Db(^x^;f). Then applying 



H^{6x), we obtain an isomorphism in D*^ 



5U 



x"x*^x 



The C-linear maps f\^V* Vt\(y) — Pk{X x X) induce a morphism of 
complexes C'xx.x ® A V* ^ P- such that the diagram below commutes: 



'XxX 




x*^x- 



Since H^{5*x){ffxxx ® A ^ H°{5*x){P.) is an isomorphism, we 

obtain the desired result. Q.E.D. 

Remark 5.4.3. (i) Let / C ^xxx be the defining ideal of the diagonal 
set 6x{X). Then the morphism .^o^ Sx*^x Sx*^x[^] is given by the 
exact sequence — )■ dx*^x ~^ ^xxx/I"^ Sx*^x 0. Indeed, we 
have a commutative diagram 







l 

■6x.^'x 



00 



^Xxx/ 



■Sx*^x 

id 







■6 



x*^x 



0. 
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Here, the left vertical isomorphism is given by 

I/P 3 plia) - p*^{a) < — > da G 6x^^x ^ ^x)- 

(ii) Moreover the morphism ^fc: ~^ ^x*^x^^[k + 1] coincides with 

the composition 

Sx.n'kik] ^ Sx.n''^[k]h^^^^^xxx ^ Sx.n''^[k]h^^^Jx*^x 



-^Sx.n'^x^'[k + 1]. 



(iii) Note that the morphism ax - SxSx*^x ®k^x[k] coincides with 

the morphism obtained from — ^ 0fc'^x*^xW '^^^^^^ '> ®k^x*^x[k] 
by adjunction. 

Lemma 5.4.4. The morphism ax in f l5.4.4p interchanges the composition 
of the ring Sx^x^^x given in Proposition 15.1.51 (a) with the composition 

^"xi^k^^m ^ i^xk^^'x)[^ + j] ^ ^x'[^+j]- 

Note that the unit ffx S*x6x jfGx is given by Gx — ^x ^x xx — ^ 
6xSx*Gx, where the last arrow is induced by Gxy.x ^x^^x- 

Proof. We define 

fiij : Pi Pj — ^ Pi+j 

by 

/iii ® ^i+l) ® i^j ® ^i+i))) 

(5.4.5) 

= {ui A Uj) © (^i+i A + {-lyui A ^j+i). 
This map is ^(^x)-bilinear since: 

= /Xjj ^(awj © (a6'j+i - da A Ui)) © © 6'j+i) 

= (awj A coj) © ((a6'j+i — da A cui) A coj + (— l)*acJi A 9j+i) 
= pl{a) {{coi A Uj) © (^,+1 A cOj + {-lYuji A 9^+i)) 
= P*2{(^)l^ij{{^i ® Oi+i) © {uj © 9j+i)), 



130 



CHAPTER 5. THE COMMUTATIVE CASE 



fiij{{ui © 9i+i) ®pl{a){uj © %+i)) 

= iJ.ij(^{cOi © 9i+i) © {atUj © {a9j+i - da A cuj)^ 

= [aui A Uj) © (^i+i A acjj + {—lyui A (06*^+1 — da A Uj)) 
= {aui A ujj) © {aOi^i A Uj + {—lyaui A Oj^i — da A Ui A Uj) 
= p*2{a){ui A Uj © {9i+i A Uj + {-lycoi A 9j+i)) 
= p2{a)iJij{{uJi © 6*^+1) © {ujj © 9j+i)). 

The morphism fi commutes with the differentials since: 

lid{{ui ® 9i+i) © {ujj®9j+i)) 

= /ii-i,j((0 © iui) © {uj © 9j+i)) + (-l)>ij_i((a;i © 9,+i) © (0 ® juj)) 
= © (icoi A LOj + (-l)*(-l)*ja;i A coj) = © (i + j)uji A coj 
= dii{{uji © 9i+i) © {uj © %+i)). 

Hence we have a commutative diagram in D^{^xxx) 

^x.Gx®ff^ Jx.Gx ^^x.^x 

^ XxX 



P. P. 



P. 



Therefore, applying 5^, the morphism 6x5x*<^x®^x^x*^x ^x^x*<^x is 
represented by 



Thus we obtain the desired result. 



Q.E.D. 



Lemma 5.4.5. Consider a morphism f: X ^ Y. Then the diagram below 
commutes: 



ay 



Y 



-S*x6x,^x 

ax 
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Proof. Let f:XxX^YxYhe the morphism associated with /. Let us 
denote by P^ the complex on X constructed above. Then we easily construct 
a commutative diagram 



H\f*)PX 



Pi 



X 



such that 



H%6y*)PY 

Ofx* \ tdX 



H\f*5^)PY 



H^{6*x)Pi 



rm^Y 



commutes where is given in fl5.3.3p . 

Now we set 



Q.E.D. 



(5.4.6) 



Pk-i ioT 1 < k < dx, 
Qk = I ^x*^x for k = 0, 
otherwise. 



and define the differential with = {k — 1 — dx) d^i!'!^\, where df!^1 
is given by f l5.4.3p and df '^'^ : ^x © ^x ^x is the canonical morphism. 
Then Q. is a complex of i^xxx-niodules and the canonical homomorphism 
fl'^ — © induces a morphism of complexes 6x*ujx Q - , which 
is an isomorphism in T)^{^xxx)- 

Let us denote by H'^{Sx) the functor 6x^J^om ^,^^^{6^i^x, *)• 

Lemma 5.4.6. The morphism 

Px: ®n'x^ H\5'x)Q' ^ 5x5x.ujx 



is an isomorphism in 'D^{iffx)- 



Since the proof is similar to that of Lemma [5. 4. 2[ we omit it. 
Note that the morphism fix coincides with the morphism obtained by 
adjunction from 

®5x^n\ J^±^®5x^n], ^ 5x^nl[n] ^ 6xicux. 

k k 
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Lemma 5.4.7. The morphism 5*x5x*^x®ff 5^'x^x\^x 5^'x^x\^x m Propo- 



A 



sition 15.1.51 (d) coincides with [i] (g)^, [j] — ^ ^f^-' [i + j] . 



Proof. We define the morphism : Pi®^^^^Qj — Qi+j by the same formula 
as in fl5.4.5p . Then it commutes with the differential. Indeed the proof is 
similar to that of Lemma [5.4.41 except when i + j = dx + ^- In this case, 



^id[{uji © Oi+i) ® © %)) = © (z + J - - A Uj^ 



0. 



With this morphism /i: P. 



Q, Q, , the following diagram in the 



category of complexes is commutative: 



p. Q ^ 



Q. 



P. 



Sx\(^x ^ Sxiu^x ■ 



Thus we have a commutative diagram in 0*^(1! 



'X) 



Q. 



HVx){Q' 



H\5*x)P' H\5'x)Q' -^H%5'-x){P. 
I 

S*xSx.^x®ffJx^x\UJx ^Sx{6x*^x^^^^Jx\UJx) — ^S'^Sxi^x ■ 

Q.E.D. 



Recall that in Corollary 14. 2. 2^ we have constructed a morphism l-il-i{£/x)® 
HH{s2/x) ^x"^- Let us describe its image via the isomorphisms ax and 
Px- Consider the diagram 



(5.4.7) 



nni^x) ^nni^x] 

A 

uv{ffx)®nv{ffx)^^Z- 



Here, u is the map given by Corollary I4.2.2[ A is the isomorphism ax ® Px^ 
and V is the composition 

e n\ [k] © f^y [k] ^ fi^ [k] ^ W^P, 

where the first morphism is given by the wedge product and the last one by 
the map — ^ ^^x^- Then diagram (15.4.71) commutes. 



Chapter 6 

Symplectic case and ^-modules 



6.1 Deformation quantization on cotangent 
bundles 

Consider the case where X is an open subset of the cotangent bundle T*M 
of a complex manifold M. We denote by vr: T*M — )■ M the projection. As 
usual, we denote by the C-algebra of differential operators on M. This 
is a right and left Noetherian sheaf of rings. 

The space T*M is endowed with the filtered sheaf of C-algebras St*m 
of formal microdifferential operators of [5l], and its subsheaf <^r*M(0) of 
operators of order < 0. 

On T*M, there is also a DQ-algebra, denoted by Wt* a/ (0) and constructed 
in |51] as follows. Consider the complex line C endowed with the coordinate 
t and denote by (t; r) the associated symplectic coordinates on T*C. Let 
T*^q{M X C) be the open subset of T*{M x C) defined by r 7^ and consider 
the map 

p: T;^,{M X C) ^ T*M, (a;,t;e,r) ^ {x-t~^0- 

Denote by <^T*{MxC),i(0) subalgebra of ^r*{MxC)(0) consisting of operators 
not depending on t, that is, commuting with dt- Setting h = d^^, the DQ- 
algebra #x(0) is defined as 

^(0) = p,4.(,,,c),?(0)- 

One denotes by Wt*m the localization of #t*m(0), that is, 'Wt*m = C''^"'^®^:^ 
^*m(0). 
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Remark 6.1.1. One shall be aware that <^T*Af and <^t*a/(0) are denoted 
by A/ and S^m{0), respectively, in [54]. Similarly, Wt'm and ^•Af(0) are 
denoted by Wm and #Jv/(0), respectively, in 



There are natural morphisms of algebras 

(6.1.1) TT^l^M ^T'M ^*M. 

Lemma 6.1.2. (a) The algebra #t*a/(0) is faithfully flat over St* m{^)- 

(b) The algebra 'Wt*m 'is faithfully flat over St*m- 

(c) St'M is flat ouerTTj/^A/. 

Proof. In the sequel, we set X = T*M. For an <^x(0) -module we set 



gr^(^) = (^x(0)/#^(-l))®j._^(o)^. 

Note that the analogue of Corollarv 11.4.61 holds for <lx(0)-modules, that is, 
the functor gr^ above is conservative on DJ?qJj(^x(0)). We have 

(6.1.2) gr,(^'^) ^ ®^,(o) gr^(^), 

where i^x(O) denotes the subsheaf of i^x of sections homogeneous of degree 
in the fiber variable of the vector bundle T*M, and is faithfully flat 
over (^x(O). 

(a) (i) Let us first prove the result outside of the zero-section, that is, on 
T*M \ T^M. Let us show that 

(6.1.3) H^{Wx{0)h^^^^^^) = for any j < 

holds for any coherent <lx(0)-module First assume that ^ is torsion- 
free, i.e., Sxi—l) ®j>,^-(o) ~^ ^ is a monomorphism. Since Gx is flat over 
^x(O), 

gr,(^(0)®^_^(0)^) - ^x®^^(o)gr^(-^) 
has zero cohomologies in degree < 0. Hence Proposition 1 1 . 4. 51 implies fl6.1.3p . 
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Now assume that (S'x{—1)^ = 0. Then we have 

which imphes fl6.1.3p . 

Since any coherent <lx(0)-niodule is a successive extension of torsion- 
free #sc(0)-niodules and (<fx(0)/<^x(— l))-niodules, we obtain (I6.1.3P for any 
coherent ^x(0)-niodule. 

Consider a coherent ^x(0)-module ^ and assume that ~ 0. Then 
gr^(^^) ~ and this imphes that gr^(^) ~ in view of f l6.1.2p since 
is faithfully flat over (0). Since gr^ is conservative, the result follows. 

(a) (ii) To prove the result in a neighborhood of the zero section, we use 
the classical trick of the dummy variable. Let {t; r) denote a homogeneous 
symplectic coordinate system on T*C. Consider the functors 

a:Modeoh(^M) ^ Modcoh(4xT-c(0)k^o), 
^ ^ ^KI(4:(0)/4:(0) -t), 

/3: Mod,oh(^|M(0)) ^ Modeoh(^xT*c(0)|.^o), 

^ ^ ^M(^*c(0)/^.c(0) -t). 

These two functors a and /3 are exact and faithful. Then the result follows 
from (a) (i). 

(b) (i) Here again, we prove the result first on T*M \ TljM. In this case, it 
follows from the isomorphism 

(b) (ii) The case of the zero-section is deduced from (b) (i) similarly as for 
(a). 

(c) is proved for example in [271 Th. 7.25]. Q.E.D. 

Recall that for a coherent ^M-module the support of '^t*m®t,-^^^j'^m^-^ 
is called its characteristic variety and denoted by char(^). It is a closed C^- 
conic complex analytic involutive subset of T*M. 
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Now assume that M is open in some finite-dimensional C-vector space. 
Denote by (x) a linear coordinate system on M and by (x; u) the associated 
symplectic coordinate system on T*M. Let f,g E ^x[[Jt]]- In this case, the 
DQ-algebra #x(0) is isomorphic to the star algebra ((^x[[^]]7*) where: 

(6.1.4) f^g = J^^i^ufrng). 

This product is similar to the product of the total symbols of differential 
operators on M and indeed, the morphism of C-algebras vt^/^a/ — > '^x is 
given by 

f{x) ^ /(x), d^^ ^ h'^Ui. 

Note that there also exists an analytic version of (St*m and Wt'm, ob- 
tained by using the C-subalgebra of consisting of sections / = 
Ej>of:i^' of ^ximiU) {U open in T*M) satisfying: 

{for any compact subset K of U there exists a positive con- 
stant Ck such that sup \fj\< Cy\ for all j > 0. 

They are the total symbols of the analytic (no more formal) microdifferential 
operators of [5^ . 

Remark 6.1.3. (i) Let X be a complex symplectic manifold. Then X is 
locally isomorphic to an open subset of a cotangent bundle T*M, for a com- 
plex manifold M (Darboux's theorem), and it is a well-known fact that if 
is a DQ-algebra and the associated Poisson structure is the symplectic 
structure of X, then s^x is locally isomorphic to #r*M(0). 

(ii) On X, there is a canonical DQ-algebroid, still denoted by Wx{0). It 
has been constructed in [5T], after [36] had first treated the contact case. 
Clearly, any DQ-algebroid ^ is equivalent to #x(0) <^^h where ^ is an 

invertible C^-algebroid. It follows that the DQ-algebroids on X are classified 
by (C|)^). See [50] for a detailed study. 

(iii) Using (14.1.111) . we get the isomorphism 

(6.1.6) HH{j^x) ^ nUiWxi^d)). 

6.2 Hochschild homology of 

Throughout this section, X denotes a complex manifold endowed with a 
DQ-algebroid s^x such that the associated Poisson structure is symplectic. 
Hence, X is symplectic and we denote by ax the symplectic 2-form on X. 
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We set 2n = dx, Z = X X X°- and we denote by dv the volume form on 
X given by dv = a'^/nl. 

Lemma 6.2.1. Let A be a smooth Lagrangian submanifold of X and let 
[i = 0, 1) be simple ^x-nT'Odules along A. Then: 

(i) ^0 o,nd ^\ are locally isomorphic, 

(ii) the natural morphism — J^om ^^{^q, is an isomorphism. 

Note that the lemma above does not hold if one removes the hypothesis 
that X is symplectic (see Example I2.5.9p . 

Proof, (i) We may assume that X = T*M for a complex manifold M, s^x = 
Wr*M{0). Choose a local coordinate system (xi, . . . , x„) on M, and denote 
by {x; u) the associated coordinates on X. We shall identify the section Ui 
of ^x with the differential operator hdi. 

We may assume that A is the zero-section T^^M and = — 
^x/'^o, where J^o is the left ideal generated by {hdi, . . . , hdn). Since is 
simple, it locally admits a generator, say u. Denote by J^i the annihilator 
ideal of u in £/x- Since J^i/hJ^i is reduced, there exist sections (Pi, ■ ■ ■ , P„) 
of s/x such that 

{hdi + nPi, . . . , hdn + hPn} C ^1. 

By identifying Wt*m{0) with the sheaf of microdifferential operators of order 
< in the variable (xi, . . . , Xn,t) not depending on t and h with d^^, a 
classical result of [51] (see also [561 Th 6.2.1] for an exposition) shows that 
there exists an invertible section P G ^x such that J^q = J^iP. Hence, 

(ii) We may assume = ^^a/II^]]- Then J^om^y^{ffM[[^]], ^m[[^]]) is iso- 
morphic to the kernel of the map 

u: ^mP]] ^ (^mP]])", u = {hd,,...,hdn). 

Q.E.D. 

Recall that the objects fix defined in § 12. 5[ 

Lemma 6.2.2. There exists a local system L of rank one over Cx such that 
^L m Mod(£/xxx-)- 

Proof. Both VL^ ^i^d ^x are simple ja^xx^-modules along the diagonal A. 
By Lemma [6.2.11 L := Ji^om ^^{^X) ^x ) is a local system of rank one over 
C'"' and we have VL^ L "^x- Q.E.D. 
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Note that this imphes the isomorphisms 

(6.2.1) ^'s^.^.yx ^ L^"'®^x[-dx] 

Hence we obtain the chain of morphisms 



L 



x^^^'^x [-dx\ 



nn 



X 



-d 



^x \-dx\ 



Therefore, we get the morphism: 

(6.2.2) L ^ H^'^^ (HH{£^x)) ^ L"^'^ . 

Lemma 6.2.3. (i) gi^{L) ,j^om ^^^^^^^{gi^{'^x),g^hiS^x)) - ^x gives 
an isomorphism gTf^{L) Cx ■ dv. 

(ii) The morphism L®"^ induced by (16.2.2^ decomposes as L®^ 

h^^Cx ^ and ip is an isomorphism. 



(iii) The diagram below commutes: 



■gr,(n2-C^) 



I 



?r,(C^) 
I 

-Cx 



Proof. The question being local, we may assume to be given a local coor- 
dinate system x = [xi, . . . ,X2n) on X and a scalar- valued non-degenerate 
skew-symmetric matrix B = (%)i<i,j<2n such that the symplectic form ax 
is given by 



ax = bij dxi A dxj . 



We set 

A = {aij)i<ij<2n = B ^. 

We may assume that £^x = i^x[[fi]],'^) is a star-algebra with a star 
product 



f'kg= (exp(^ 



2 dxidx^ 



j)f{x)g{x] 
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Set 

2n 

5i = ^ aijd^^ {i = l,..., 2n). 

Then, the C^'-hnear morphisms from to ^x[[^]] 

(6.2.3) <l>':/^/^, <^'':f^^f 
are given by 

(^\xi) =Xi + ^5i, =Xi- ^5i. 

These morphisms define the morphism 

(6.2.4) $ : ® ^ ^xM] 

h h 

Xi Xi -\- 2 2/* 2 

where we denote hy y = {yi, . . . , y2n) a copy of the local coordinate system 
on X". 

We identify Qx ^i^h the (^x[[^]])°^-module Then, regarding 

^x[[^]] as an j^^-niodule through £^z\x ^T\x (^x[[^]])°'', we have 

fi 

Xi{adv) = {adv)^^'{xi) = {adv){xi — —6i) 

h 

= ii^i + -Si)a)dv 



and similarly 



yi{adv) = {{xi - ^5i)a)dv. 



Hence, a ^ adv gives an .e^-linear isomorphism 

Hence it gives an isomorphism L : = rJifom ^^{^x , ^x) — '^om ^^{^x,'^x) 
C|, and the induced morphism grf,{L) M'om ^^^^^^^^{gij^{'i^x),gi:niS^x)) 
Vlx gives an isomorphism gr;j(L) Cxdv. Hence we obtain (i). 
For a sheaf of C'^- modules we set 
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Let (ei, . . . , e2n) be the basis of (C^)^". Consider the Koszul complex K' {s^z] b) 
where b = (61, ... , b2n), h = {xi — yi) is the right multiphcation by (xj — yi) 
on ^z'- 



K'{^z;b) := O^^f^...^ 



,{2n) 



^0, 



i 

On the other hand, consider the Koszul complex * where 
K'{!^xm];6) := ^ 4 ■ ■ ■ A (^xP]])^^") ^ 0, 

There is a quasi-isomorphism K' {j2/z;b) [— 2n] in the category of 

complexes in Mod(j2^). 

Set 6 = {6{ — S{, . . . , — 52n)- Then the morphism $ in fl6.2.4p sends 
{xi — yi) to Mj. Consider the Koszul complex K' (^x[[^]]; <^): 

K'{&xm];5) := 0^(^xP]])(°)4---A(^xP]])('")^0, 

5 = {61, . . . ,62n)- 

There is a quasi-isomorphism K' {!^x[[^]]', ^—^ ^x[[K\] [~2n]. Therefore 
we get a commutative diagram in Mod(=e/^): 







h<l> 



rfi<!> 







(^x[[^]])(°) 



0. 



The object Q 



X 



is obtained by applying the functor fl 



to 



the row on the top and the object ^x®^'^^x is obtained by applying the 



functor Vt 



X 



to the row on the bottom. By identifying Vt^ with 



the morphism VL'^®^^'iox[—dx\ ^x '^si'^^x [—dx] is described 



by the morphism of complexes: 

hd 







(6.2.5) 



^'c', n2n 



mm] 
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Here d denotes the usual exterior derivative. 

Therefore, we find the commutative diagram with exact rows: 



I 



-X 







in which the morphism L®^ corresponds to the morphism ~^ 

Q.E.D. 



This completes the proof. 



Theorem 6.2.4. Assume that X is symplectic. 



(i) Let L be the local system given by Lemma \6. 2.2 . Then there is a canoni- 
cal C'^ -linear isomorphism L h'^'^^'^Cx, hence, a canonical s^z -linear 
isomorphism 



(6.2.6) 



(ii) The isomorphism fl6.2.6p together with fl6.2.2p induce canonical mor- 
phisms 



(6.2.7) 



h'^^/^c''^ [dx] ^ unisex) ^ r'^^/^c^ [d 



x\ 



and the composition tx ° i-x is the canonical morphism h^^^'^C% [dx] 

(iii) (T-Ll-Ll^x)) — unless —dx < J < and the morphism lx induces 
an isomorphism 



(6.2.8) 



ix: ^'^^/'C^ ^ H~'^^{mi{.s^x))- 



In particular, there is a canonical non-zero section inH~'^^{X;n'H{£/x))- 



Proof, (i) By Lemma 16. 2. 3^ we have an isomorphism {h~^' L) ~ 
together with a compatible isomorphism gif^{h~'^^^'^L) ^ Cx- This implies 
j^-dx/2£^ since the only invertible element a E satisfying = 1, 

cro(a) = 1 is a = 1. 
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(ii)-(iii) Denote by (fij^ [[^]] , /j-rf) and [[^]] , c?) the complexes given by 
the top row and the bottom row of (16.2.51) . respectively. The morphism lx 
is represented by 

L[dx]^L'^-'^{n'MM)[dx] 
and the morphism tx is the composition 

L^-i®(fi;p]],M)[rfx] ^i:®"'®(f^;P]],c?)[rfx] 

Q.E.D. 

Applying Theorem 6.2.4 together with Corollarv l3.3.4[ we obtain: 

Corollary 6.2.5. Let X be a compact complex symplectic manifold. Then 
^\d{-^x'^) ^-^ ^ Calabi-Yau triangulated category of dimension dx overC'^'^"^. 

Remark 6.2.6. The statement in Theorem 9.2 (ii) of [12] is not correct. If Y 
is a compact complex contact manifold of dimension dy, then the dimension 
of the Calabi-Yau category associated to it in loc. cit. is dy, not dy — 1. 



6.3 Euler classes of ^2/^°^- modules 

Theorem 6.3.1. The complex 'H'H^s^^'^) is concentrated in degree —dx and 



the morphisms tx and Tx in Theorem \6.2.4 induce isomorphisms 



(6.3.1) c^'°' [dx] ^ nn{s^j,°') ^ C^'°'[rfx] 



Proof. This follows from the fact that (f^x[[^]]' ~^ i^xil^]]^ d) becomes a 
quasi-isomorphism after applying the functor ( • )'°'^ = C''''°'^ {•). Q.E.D. 

Definition 6.3.2. Let ^ G D|?„h(=^x')- We set 

(6.3.2) eux(^) = rxihhxi^)) E <^pp(^)(X; C^'°=) 

and call eux(-^) the Euler class of 

Remark 6.3.3. (i) The existence of a canonical section in H~'^^ {X; 'H'H{.^x'^)) 
is well known when X = T*M is a cotangent bundle, see in particular 
[T2t [251 [62] . It is intensively used in [11] where these authors call it the 
"trace density map" . 

(ii) The Hochschild and cyclic homology of an algebroid stack have been de- 
fined in [H] where the Chern character of a perfect complex is constructed 
in the negative cyclic homology. It gives in particular an alternative con- 
struction of the Hochschild class of a coherent DQ-module, but it is not clear 
whether the two constructions give the same class. 
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Consider the diagram 

(6.3.3) Pl3!(pr2'^^«TxX.) ® ^2:3 ^^«TxX.?)) — m 



loc \ 
XixX!}) 



Pl3!(Pl2^C^'°'[di2] ®P23^C^2°3lc?23]) ^^^^^^^ C^^°^ [^13] . 

Here, the horizontal arrow in the bottom denoted by J^{' U *) is obtained 
by taking the cup product and integrating on X2 (Poincare duahty), using 
the fact that the manifold X2 has real dimension 2 ^2 and is oriented. The 
arrow in the top denoted by -k is obtained by Proposition 14.2.11 

Proposition 6.3.4. Diagram 16.3.31 commutes. 

Proof. Since Xi and X3 play the role of parameter spaces, we may assume 
that Xi = X3 = {pt}. We set X2 = X and denote by ax the projection 
X {pt}. We are reduce to prove the commutativity of the diagram below: 



(6.3.4) 



ax!(C^^°'' [dx] 




tijoc 



This will follow by applying the functor ax\ to Diagram 16.3.51 below. Q.E.D. 
Lemma 6.3.5. The diagram below commutes. 

(6.3.5) nH{£^^'>^)(g)HH{£/}^°') 



Cj'°^ [dx]^CT'' [dx 



hAoc 



C^'°' [2dx]. 



Proof. The morphism L ® L[2dx] ^ C^'°' [dx] ® C^'°' [dx] ^ C^'°' [2dx] is 
given by 

L0L[2dx] ^ L[dx]^RJ^om^^{^x,^x)[dx] 

~ L®B[^^x[dx] 00^ ^ "^x^ 00^ ^ C^[2rfx]. 

On the other hand, L (g) L[2dx] HH{j^x) ®HH{£/x) ^ C^[2rfx] is given 
by 



L®L[2dx] ^ Reborn .^(D^^x,^x»)®R'^om.(^x 



^^x 



R^om . (D'^^x,^x») ® (D^(^x) cu/) 
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These two morphisms give the same morphism from L ^L[2dx] to C^[2(ix]- 

Q.E.D. 

Corollary 6.3.6. Let ^ G ^^ohi-^x^xx°^^J — 1)2). Assume that the pro- 
jection pi^, defined on Xi XX2XX3 is proper onp'^^ Supp(=J^)np23^ Supp(=J^). 
Then 

(6.3.6) euxiga (^ o =^) = / euxi2a(^) Ueux23a(=^)• 

2 JX2 

Remark 6.3.7. Consider an object ^ G Y)\^^{£^x'^) . Then, according to 
Definition 16.3.21 its Euler class is well-defined in the de Rham cohomology of 
X with values in <CP-'^°^. Now assume that ^ is generated by ^0 ^ Dcohl-^) 
and consider gr;j(^o)- Assume for simplicity that gi^^s^x) = ^x (the general 
case can be treated with suitable modifications). Then gr;j(^o) ^ Dcoh('^^) 
and we may consider its Chern class in de Rham cohomology. A natural 
question is to compare these two classes. A precise conjecture had been made 
in the case of ^-modules by one of the authors (PS) and J-P. Schneiders 
in [57] and proved by P. Bressler, R. Nest and B. Tsygan in [TT]. These 
authors, together with A. Gorokhovsky, recently treated the general case 
of DQ-algebroids in the symplectic setting in [TU]. The formula they obtain 
makes use of a cohomology class naturally associated to the deformation ^x- 

6.4 Hochschild classes of ^-modules 

We shall apply the preceding result to the study of the Euler class of '2- 
modules. 

Recall after [21] that a coherent ^M-inodule ^ is good if, for any open 
relatively compact set U C M, there exists a coherent sub- ^{/-module of 
M\u which generates it on f/ as a ^Az-module. One denotes by Dgj(^M) the 
full sub-triangulated category of T)\^t^{^m^ consisting of objects with good 
cohomology. 

From now on, we set 

X = T*M. 

We introduce the functor 

(6.4.1) (•)^:Mod(^M) ^ Mod(^) 

The next result shows that one can, in some sense, reduce the study of 
^-modules to that of y^-modules. 
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Proposition 6.4.1. The functor ^ i— )■ ^^|t*^a/ is exact and faithful. 
Proof. The morphism 

is an isomorphism, and hence the result is a particular case of Lemma I6.1.2I 

Q.E.D. 

It follows that ( . )W sends D^^J^m) to D^„h(^) and T^I^{&m) to T^l^{Wx). 
Definition 6.4.2. Let e B^^i^M)- We set 

(6.4.2) hhf (^) = hh|^(^W) ^ HH,har(.^)(^x). 

For A a closed subset of T*M, we denote by Kgd,A(^M) the Grothendieck 
group of the full abelian subcategory of Modgd(^M) consisting of ^-modules 
whose characteristic is contained in A. 

Let V be an open relatively compact subset of M. By slightly modifying 
the proof of Proposition I3.4.3[ we get morphisms of groups 

(6.4.3) Kgd,A(^Af) -^Keoh,A(^.-iy). 

Let Mi {i = 1,2,3) be three complex manifolds and set Xi = T*Mi. 
Denote by qij the ij-th projection defined on Mi x M2 x M3 and by pij the 
ij-th projection defined on Xi x X2 x X3 {1 < i < j < 3). We set, as for 
DQ-algebras, '■= (^m)°^ and we write for short Mij or Mija instead of 
Mi X Mj or Mi X Mj and similarly with Xij. We also write ^ij instead of 
^Mij and similarly with ij", etc. For example. 

Then S^i may be regarded as a ^na-module supported on the diagonal of 
Xi X Xia. Let Xi e D^(%a) (z = 1, 2, J = z + 1). Set 




Theorem 6.4.3. Let Ai be a closed subset o/XjXXj+i {i = 1,2) and assume 
that the projection pis defined on Xi x X2 x X3 is proper on p]~2^Ai np23^A2. 
Set A = Ai o A2. Let X e D^^(%a) (i = 1^2, j = i + 1) with char(J^^) C A^ 
(t = 1, 2). Then o e 0^(^13-). char(J^ o J^) C A and 

(6.4.4) (JTi o jr2)W ^ JTi^ O ^^2^. 
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The proof is straightforward and is left to the reader. By using Dia- 
gram |13]T1 we get: 

Theorem 6.4.4. In the situation of Theorem \6.4-^ let Vij be a relatively 
compact open subset of Mi x Mj [i = 1,2, j = i + 1) and assume that 
n~^Vi2a 7r~^V23« contains (Ai x^a A2) fl qi^air'^Visa . Then the diagram 
below commutes 



Dgd,A.(^120xDSd,A.(^23^: 



hhxhh 



■Dgd,A(^13% 



Kcoh,A(l^7r-lyi. 



hh 



In particular 

(6.4.5) hhf_,^^^^ ( o je,) = hh^^^^^^ ( jro o hh^^^^^^^ ( jr,) 

zn HHA(^^-iy,3J. 

As a particular case, and using Corollary I5.3.5[ we recover a theorem of 
Laumon [17] in the analytic framework. 



6.5 Euler classes of ^-modules 



We keep the notations of ^ 16.41 and we set X = T*M. One defines the 
Hochschild homology 'H'H{S'x) of S'x and the Hochschild class hh.x{^) of a 
coherent f^x-module ^ similarly as for T-CH^s^x)- 

In the sequel, we identify a coherent ^Af-module ^ with S'x ®,r-is?M 
Ti~^^ . In particular, we define by this way the Hochschild class hh.x{^) of 
a coherent ^-module Hence 

(6.5.1) hhxi^) e ifi^(^)(X;HH(4)). 
Lemma 6.5.1. There is a natural isomorphism 

(6.5.2) nniix) ^ Cx [dx] 
which makes the diagram below commutative: 



X 



■ Cx [dx\ 



nniWx] 



c'^i'"' [d 



X 
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Sketch of proof . We take coordinates (xi, . . . , Xn, Ui, . . . Un), and set i^x '■= 
Y[k<o^~''^x{k), where ^xik) is the sheaf of holomorphic functions on X 
homogeneous of degree k with respect to the variables . . . ,Mn)- Then 
i^x is isomorphic to Sxif^) as a sheaf. Moreover, l-CH^S'x) is represented 
by the Koszul complex of d/dxi, hd/dui G Snd{ffx) ii = l,...,'"-). On 
the other hand, as we have seen, Til-L^Wx) is represented by the Koszul 
complex of hd/dxi, hd/dui G <Snd{ff x{.{h))) (i = 1, . . . ,n). Hence we have a 
commutative diagram 

dx " " ^^^^ " " 



h- 



— - ffxm) — - — - — - ffxim — - 0, 

in which the top row represents 'H'H{(S'x) and the bottom row represents 
nUiWx). Q.E.D. 



Definition 6.5.2. Let ^ G jyi^^^{Sx)- We denote by eux(-^) the image of 

jdx , 



hhx{^) in (^JX; Cx) by the morphism in fl6.5.2p and call it the Euler 



class of 

The next result immediately follows from Lemma [6. 5. II 

Proposition 6.5.3. For ^ G Y)\^^{&m), eux(-^^) is the image ofeux{^) 
by the natural map H^^^^^^^{X; Cx) ^ ^c1far(^)(^; ^T'')- 

Applying Theorem 14.3.5^ we get: 
Theorem 6.5.4. In the situation of Theorem 6.4-3[ one has: 



(6.5.3) eui3a o ^) = eui2a o eu23<' 

tn Hilt AliXi3;Cx J- 

This formula is equivalent to the results of [57] on the functoriality of the 
Euler class of ^-modules. Note that the results of loc. cit. also deal with 
constructible sheaves. 
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Chapter 7 

Holonomic DQ-modules 



The aim of this chapter is to study holonomic DQ-modules on symplec- 

tic manifolds. More precisely, we will prove that, if ^ and ^ are two 

holonomic £^°'^-modules on a symplectic manifold X, then the complex 

R^om^k>c(^, is perverse (hence, in particular, C-constructible) over 

the field C'''^°'^. It follows from the preceding results in Chapter [6] that if the 
intersection of the supports of ^ and ^ is compact, then the Euler-Poincare 
index of this complex is given by the integral eux (^) ■ eux (-2') . We show 
here that the Euler class of a holonomic module is a Lagrangian cycle, which 
makes its calculation easy. 

If moreover ^ and ^ are simple holonomic modules supported on smooth 
Lagrangian submanifolds Aq and Ai, then the microsupport of the complex 
R=^om ^ioc(^, is contained in the normal cone C(Ao,Ai). This last 
result was first obtained in [12] in the analytic framework, that is, using 
#x-modules, not #x-modules, which made the proofs much more intricate. 

Finally we prove that, in some sense, the complex R^om^ioc(-^, is 
invariant by Hamiltonian symplectomorphism. 

7.1 modules along a Lagrangian submani- 
fold 

Let X be a complex symplectic manifold endowed with a DQ-algebroid s^x- 
The algebra 

Let A be a smooth Lagrangian submanifold of X and let ^ be a coherent 
■(2^-module simple along A. 
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Locally, X is isomorphic as a symplectic manifold to T*A, the cotangent 
bundle to A. We set for short 

<:=^Ap]], ^a((^)). 
There are local isomorphisms 

^ #^(0), ^ - 

Then Sndch{^) ~ S'nd£h{G^) (see Lemma [2.1.121) and the subalgebroid of 
Snd^h^^) corresponding to the subring ^a[[/i]] of (Snd^n^ff^ is well-defined. 
We denote it by 3i^. 

Lemma 7.1.1. (i) is equivalent to ^a[[/i]] as a C^^-algebroid. 

(ii) The C^-algebra Qic^ satisfies fll.2.2p and fll.3.ip . In particular, it is 
right and left Noetherian. 

Proof, (i) follows by similar arguments as in Proposition 12.5.21 (ii). 

(ii) follows from Example 11.3.11 Q.E.D. 

The functor ^x\a ~^ Snd^h^^) factorizes as 

(7.1.1) ^xIa^^^, 

and setting S^^^^ := (^^)^°'^, this functor induces a functor 

(7.1.2) ^4°^|a ^ 

We denote by /a C ffx the defining ideal of A. Let be the kernel of 
the composition 

h-^£/x ^ ^ ^ ^A- 

Then we have J" j s^x — Ia- 

Definition 7.1.2. We denote by s^a/x the C'^-subalgebroid of s^x"^ generated 

Note that the algebra ^a/x is the analogue in the framework of DQ- 
algebras of the algebra S'a constructed in [38] . 

The ideal is contained in s^x, hence acts on ^ and one sees easily that 
hJ^ sends ^ to h^. Hence, acts on ^ and defines a functor s^a/x 
We thus have the functors of algebroids 

/x I A ^A/x|a i4°lA 




In particular, .if is naturally an .c^/x-module. 
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Lemma 7.1.3. (i) J^^ = ^a/x H h ^s^^x for any k >0, 

(ii) ^V^^-i ~ /| for k>0, 

(iii) s^t^jx is a right and left Noetherian algebroid, 

(iv) gr;,(^A/x)|A ^ gTn^J^ ^ ^A, 

(v) (^A/x)'°' =^ IS fiat over ^/a/x- 

Proof. Since the question is local, we may assume that X = T*C" with 
coordinates A = {u = 0} and -c/si- is the star-algebra as in fl6.1.4p . Set 

^' ■= iY^fki^^^)^' e fk{x,u) e J^'^ for k < 0}. 

Then we can check that =2/' is a subalgebra of ,2/^°'^ and it contains ^ . Hence 
it contains ^a/x- It is easy to see that the image of J^^ h"'' s^x / JT'~^~^^ -i^x 
contains h~^l\. On the other hand, the image of £^'r\h~'^s/x — ^ h'^^s^x / h~^^^£^x 
coincides with h~''I^. Hence, £/a/x H h~^s^x and fl fr'^s^x have the 
same image hr^l'^ in hr^ s^xl^"^^^ ^x- We conclude that s^Kjx = ^' and 
s^Ajx n fr^s^x C J^^ + fr^^^s^x- Hence, an induction on k shows (i). 

(ii) is now obvious. 

(iii) Considering the filtration \^s^kix^^~^ ^x^k>Q of s^k/x^ the result follows 
by [371 Theorem A.32]. 

(iv) is obvious. 

(v) follows from ^/x C s^k/x C ^4°^ Q.E.D. 

By this lemma, for a coherent .e^/x-module we may regard gTf^{^) 
as an object of DJ?qJj(^a)- Recall that denotes the full triangulated 

category of DJ?j^j^(^a) consisting of objects with holonomic cohomology. 

Lemma 7.1.4. The algebroid is fiat over ^a/x and is fiat over 
Proof. It is enough to prove the first statement. 

L 

Let us show that H^{3>sc®,^^^^-^) — for any coherent £^*A/x-niodule 
^ and any j < 0. 

(i) Assume that ^ has no /i-torsion. Using Lemma [7.1.31 (iv), we have for 

J < 0, Wgr^X^yh)^^^^^) - H^gTn-^ - 0, and hence W {^j^h^^^^J^) ~ 
by Proposition 11.4.51 



152 CHAPTER 7. HOLONOMIC BQ-MODULES 



(ii) Assume that = 0. Then 

L L L L 

(hi) In the general case, set „^ := Ker(^": ^ ^) and ^tor '■= [Jn^- 

n 

Note that this union is locaUy stationary. Defining by the exact se- 
quence, 

J^tor ^ J^tj 0, 

this module has no /i-torsion. It is thus enough to prove the result for the 
„t/K's and this follows from (ii) by induction on n, using the exact sequence 

n+l^ n+l^/n^ ^ 0. 

Q.E.D. 

Definition 7.1.5. An object ^ of DJ?qi^(j2^/x) is holonomic if gi^^i^^) is 
Lagrangian in T*A, that is, if gr;,(^) belongs to D^„i(^a). 

Note that this condition is equivalent to saying that H'^{J\^) /hH'^{,yV) 
and Ker(/i: H^{,jV) — )■ W{,jV)) are holonomic ^A-modules for any i (see 
Lemma fTA2l) . 

Microsupport and constructible sheaves 

Let us recall some notions and results of |39j . 

Let M be a real analytic manifold and IK a Noetherian commutative 
ring of finite global dimension. For F G D*^(]Kj\/), we denote by SS(F) its 
microsupport, a closed M"''-conic {i.e., invariant by the M"'"-action on T*M) 
subset of T*M. Recall that this set is involutive (one also says co-isotropic) , 
see [391 Def. 6.5.1]. 

An object F of D'^(]Kjvf ) is weakly M.- constructible if there exists a subana- 
lytic stratification M = UaeA^a such that H^{F)\mo, is locally constant for 
all j E "Ii and all a E A. The object F is M.- constructible if moreover H^{F)x 
is finitely generated for all x G M and all j G Z. One denotes by D^j,(]Km) 
the full subcategory of D*^(Kjvf ) consisting of M-constructible objects. Recall 
that the duality functor D^(«) (see (11. 1.11) ) is an anti- auto-equivalence of 
the category D^^(]Km). 

If M is complex analytic, one defines similarly the notions of (weakly) 
C-constructible sheaf, replacing "subanalytic" with "complex analytic". We 
denote by D^j.^(]Ka./) the full subcategory of D^(Km) consisting of weakly- 
C-constructible objects and by D£^,(]Km) the full subcategory consisting of 
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C-constructible objects. Also recall ([31]) that F G D^(Ka,/) is weakly-C- 
constructible if and only if its microsupport is a closed C^-conic {i.e., in- 
variant by the C^-action on T*M)) complex analytic Lagrangian subset of 
T*M or, equivalently, if it is contained in a closed C^-conic complex analytic 
isotropic subset of T*M. 

Proposition 7.1.6. Let F G D^(Zjv/[/l]) and assume that F is cohomologi- 
cally complete. Then 

(7.1.3) SS(F) = SS(gr,(F)). 
Proof. The inclusion 

SS(gr,(F)) C SS(F) 

follows from the distinguished triangle F ^ F ^ gij^ (F) Let us prove 
the converse inclusion. 

Using the definition of the microsupport, it is enough to prove that given 
two open subsets U G V of M, Iir{V; F) — Rr(f/ ; F) is an isomorphism as 
soon as RTiV; giLp^{F)) Rr(?7; gr^j(F)) is an isomorphism. Consider a dis- 
tinguished triangle Rr(y; F) — RT{U; F) ^ G Then we get a distin- 
guished triangle Rr(V^; gr;j(F)) — )■ YlT [U ] gi f^{F)) — j- gT^lG) Therefore, 
gr;j(G) ~ 0. On the other hand, G is cohomologically complete, thanks to 
Proposition 11.5.121 and G ~ by Corollary fTXOl Q.E.D. 

Proposition 7.1.7. Let F G D}^^(C^). Then F is cohomologically complete. 

Proof. One has 

"hi^" Ext^j^^j {Z[h, h~'], H\U- F)) ^ Ext;^^^ {Z% fi-\ "hi^" H\U- F)) 

Ext^^^^^^{Z[h,h-'],F,)c^O 

where the last isomorphism follows from the fact that Fr^ is cohomologically 
complete when taking X = pt. 

Hence, the hypothesis (i) (c) of Proposition [L5l6] is satisfied. Q.E.D. 

Propagation for solutions of =e^/x-modules 
Proposition 7.1.8. Let ,yV be a coherent s^\/x-'m,odule. Then 

(7.1.4) SS(R^om^^^^(^,^)) C char(gr;,^). 
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Proof. By Lemma [7.1.4t we have 

Since gr^(^^(^^^ ^ ^) = gr;j(^), Proposition 17.1.81 will follow from Propo- 
sition [TrTHl below, already obtained in [T7]. Q.E.D. 

Proposition 7.1.9. Let jV he a coherent S^y-module. Then 

(7.1.5) SS(R^omg,^(^,^)) = char(gr;-,^). 

Proof. Set F = RJ^om ^^{^ , Then F is cohomologically complete 
by Corollary [LO and SsV) = SS(gr;,(F)) by Proposition 17X61 On the 
other hand, gr;^{F) ^ RJifom ^^{gr^^ , i^^) by Proposition 11.4.31 and the 
microsupport of this complex is equal to ch.ax{gr^^) by [39l Th 11.3.3]. 
Q.E.D. 

Constructibility of solutions 

Theorem 17.1.101 below has already been obtained in [17] in the framework of 
[ [^] ] -mo dules . 

Recall that ^ is a coherent J2/\:-module, simple along A. 
Theorem 7.1.10. Let he a holonomic .^^/x-module. 

(a) The ohjects RM'om ^ , ££) and RJ^om^^ ^ (if, J^) belong to B^^{Cl) 
and their micro supports are contained in char(gr;jo4^). 

(b) There is a natural isomorphism in DJ^j,(CJy) 

(7.1.6) R=^om^^^^^(^,if) ^ B'x{RJ^om^^^^{^,^)) [dx]. 

The morphism in (b) is similar to the morphism in Lemma 13.3.11 and is 
associated with 

R^om^^^^ (^, ^) ® R.^om^^^^ (^, ^) 

^ RJfbm^^^^(^,^) ^ R^om^^(^,^) ^ ^ \dx\ 

Proof, (a) It is enough to treat F := RJifom ^^^^ (c/F, In view of Propo- 
sition [7]TTS1 F is weakly C-constructible and it remains to show that for each 
xeA, F^ belongs to D^iC"). 

If is a sufficiently small open ball centered at x, then Rr{U;F) — )■ 
Fx is an isomorphism ([39]). The finiteness of the complex gr;j(Fa;) follows 
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from the classical finiteness theorem for holonomic ^-modules of [M]. Since 
F is cohomologically complete, Proposition 11.5.12] implies that Rr(f/;F) is 
cohomologically complete. Hence the result follows from Theorem 11.6.41 

(b) follows from Corollary 11.4.61 since we know by [31] that (17.1.61) is an 
isomorphism after applying the functor gr;,. Q.E.D. 

■g^A/x modules and £/^°'^-modules 

Definition 7.1.11. A coherent ^A/x-submodule ^ of a coherent ^x'^- 
module ^ is called an .c^/x-lattice of ^ if ^ generates ^ as an s^/x"^- 
module. 

Lemma 7.1.12. Let ^ he a coherent s^^x'^ -module and let ,jV C ^ he 
an IX -lattice of ^ . Then char(gr;j(<yK)) C T*A does not depend on the 
choice of ryV . 

The proof is similar to the one of Lemma I3.4.2[ and we shall not repeat 

it. 

Definition 7.1.13. Let ^ be a coherent .e^°^-module and let ^ C ^ be 

an .g^/x-lattice of We set 

charA(^) := char(gr;j^). 

Example 7.1.14. Let X = endowed with the symplectic coordinates 
(x; u) and let A be the Lagrangian manifold given by the equation {u = 0}. 
In this case, j^a/x = £^x[uh~^]. 

Now let a G C and consider the modules ^ = s^x^ /^x^{xu — ah) 
and c/F = ^A/xf-^A/xixuh^^ — a). Then ^ is an .c^/x-lattice of ^ and 
gr;,^ ^ ^a/^a(x9^ - a). 

Lemma 7.1.15. Let ./^ he a coherent s^x^ -module. 

(i) charA(^) is a closed conic complex analytic suhset o/T*A and this set 
is involutive. 

(ii) Let — ^ — he an exact sequence of £/x'^ -modules. 
Then char a (-^) = char a (•/^') U charA(-^")- 

Proof, (i) is a well-known result of ^-module theory, see [37] . 
(ii) Let ^ be an ^/A/x-lattice of ^. Set J/' = J{' ^ jY and ,jY" C Ji" 
be the image of JV . Then jY' and JV" are =2^/x-lattices of and 
respectively. Since we have an exact sequence 
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we have charA(^) = c\iax{.yV / h.yV) = c\ibi{.jV' /h.jV') U char(^"/^-^") = 
charA(^') U charA(^"). Q.E.D. 

Proposition 7.1.16. For a coherent -module ^ , we have 

codimcharA(^) > codim Supp(^). 

Proof. In the course of the proof, we shall have to consider the analogue of the 
algebra £^k/x but with .g/j^a instead of £^x- We shall denote by this alge- 
bra. We shall show that codimSupp(^) > r implies codimcharA(^) > r 
by descending induction on r. Applying Proposition 12.3.151 (a), we have 
YlJ^om , £^x^) — T -^R J^om ^ioc{^ , £^x^), where r-^ is the trunca- 
tion functor. Hence we have a distinguished triangle in D^^^{^xa): 

(7. 1.7) ^xf^^^oc s^xl [-r] Reborn ^^oc ^4°^=) ^ -t^, 

where JT = r>''R^om^ioc(^, =s4°')- Note that codim(Supp(jr)) > r by 
Proposition 12.3.151 (b). Setting = Sxf^^^X-^^-^x'')-- ^^e distinguished 
triangle fl7.1.7l) induces a distinguished triangle in DJ?qJj(£^°'^): 

Setting ^1 = ioe(-#',=s4°a), we obtain a morphism ^ — )■ and 
Ker(93) has codimension greater than r. Hence, codim char a (Ker > r by 
the induction hypothesis. Since charA(^) C charA(^i) U charA(Ker (</?)), it 
is enough to show that codimcharA(^i) > r. 

Hence we may assume from the beginning that ^ = S'xt^.iad-y^' ■, £^x^) 

for a coherent ^^T-module . Let us take an J2^a-lattice of . 
Set ^ = Sxf^^{^',£^i^a). Then we have ^ and it induces a 

morphism ^ — )■ ^ . Let ^/K be the image of the morphism ^ . Then 

jV is an .e^/x-lattice of ^ . Hence we have charA(^) = ch.a.T{yy /h^), 
which implies 

(7.1.8) charA(^) C char(^/;i^). 
On the other hand, we have an exact sequence 

Since we have <§xf^^^{J^\gi^{£^Ka)) ~ <^xf^^^^^^^^{gi^J^\gi,-X£^Ka))^ we 
have a monomorphism 

^o/^^o^^xt;^^^(^^,)(gr,^',gr,(^AO)- 
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Hence we obtain char (^//j,^) C char(^S'xf^^^^^^,^{grf^,yl^' ,gTj^(£/A''))J . Si 



mce 



char^(fxtg^ ^^^^^{gic;i,yy' , gT^^(£/\a))jhas codimension > r by e.g., [371 Theo- 
rem 2.19], we conclude that codimchar(^/^^) > r. By fl7.1.8p . we obtain 
codimcharA(./^) > r. Q.E.D. 



7.2 Holonomic DQ- modules 

In a complex symplectic manifold X, an isotropic subvariety A is a locally 
closed complex analytic subvariety such that Areg is isotropic, i.e., the 2- 
form defining the symplectic structure vanishes on Areg. Here, A^eg denotes 
the smooth part of A. 

A Lagrangian subvariety A is an isotropic subvariety of pure dimension 
dx/2. Equivalently, A is a subvariety of pure dimension dx/2 such that Areg 
is involutive. 

Definition 7.2.1. (a) An =2/^°^- module ^ is holonomic if it is coherent and 
its support is a Lagrangian subvariety of X. 

(b) An £^-module ^ is holonomic if it is coherent, without fi-torsion and 

is a holonomic ■(^^^"'^-module. 

(c) Let A be a smooth Lagrangian submanifold of X. We say that an ^/x'^- 
module ^ is simple holonomic along A if there exists locally an £/x- 
module simple along A such that ~ ^q"'^. 

Lemma 7.2.2. Let ^ he a holonomic .s/x'^ -module. Then D'^^^^^ [dxf^] 
is concentrated in degree and is holonomic. 

Proof. This follows from Proposition 12.3.151 and the involutivity theorem 

(Proposition 123111]). Q.E.D. 

Let X be a complex symplectic manifold and let ^ and ^ be two holonomic 
.(2^^°'^- modules. Using Lemma 12.4.101 (more precisely, an variant of this 
lemma) and Theorem I6.2.4[ we have 

R^om^^oc(^,=Sf) ~ R^om^^oc^^(^iD^^,^Jf^), 
^^^^^ R^om^^.(^,^) ^ RJ^om^,^..^J^m^^Xr) 

^ R^om^,..^^(D:^(^i-),^iD:^^) 
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Theorem 7.2.3. Let X be a complex symplectic manifold and let ^ and ^ 



he two holonomic s^x'^ -modules . Then 



i) the object RJ^fom ^ioc{^ , ^) belongs to T)^^{C 



X 



(ii) there is a canonical isomorphism: 

(7.2.2) R^om^^oc(^,=Sf) ^ (D^RJfbm^k.c(^, ^)) [dx]. 

(iii) the object RJ^om ^ioc{^ , ^)[dx/ 2] is perverse. 

Proof. Using (17.2.11) . we may assume from the beginning that ^ is a simple 
holonomic i3j^°'^-module supported on a smooth Lagrangian submanifold A 
of X. Let be an £/x-Taodu\e simple along A such that ^ ~ ^q°^. 

(i)-(ii) Let be an ^/x-lattice of By Lemma [7.1.31 (v), we have 

Re^om^^oc(^,^) ~ R^om^^^^(^,^o)'°'. 

Then the results follow from Proposition 17.1.16) and Theorem 17.1.101 

(iii) Since the problem is local, we may assume that X = T*M, = Wx 

and = <^M- 

By (ii), it is enough to check the statement: 

(7 2 3) -^'^ (-^-'^A^(-^'^'^'^ia>A/x''"^' v^iiish^s for j < I and for 
any closed smooth submanifold iV of M of codimension /. 

Since F := RF at (Reborn ^^^^(o4^,^o)) is C-constructible, it is enough to 
show that {gTf^{F)) = for j < I. This follows from the well-known fact 
that W{RTn{^m)) = for j < I. Q.E.D. 

Assume for simplicity that X is open in some cotangent bundle T*M. We 
shall compare the sheaf of solutions of holonomic (fx-niodules and Wx- 
modules. Recall that Wx is faithfully flat over Sx by Lemma I6.1.2[ 

Corollary 7.2.4. Let ^ and ^ be two holonomic S'x-modules. Then the 
object RJifom ^^{^ , ^) belongs to DJ^^(Cx)- 

Proof. Let t denote the coordinate on the complex line C, let E denote the 
ring ^T*c|t=OT=i l^t L be the -E-module E/E ■ t. Then we have the 
embedding 
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Set for short F := liJ^om ^^{^ , ^) . Then 

F ~ Re^om^(L, Reborn ^^(^,(c?xxT*c/^xxT*c-t)|t=o,r=i%^^)) 
~ R^om^(L, RJ^om^^i^ ^ ^)). 

Set G := Rjrom^(#Sf ^ %^ Applying Theorem rTOl we 

find that G G D^^(C^^°") and it follows that F G D^cc(Cx). 

Moreover, for each x G X, G^, is of finite type over C'^''°'^ and is an E- 
module. One easily deduces that F^ — RHom^(L, Gx) is a C-vector space of 
finite dimension. Q.E.D. 



7.3 Lagrangian cycles 

Given two holonomic £/x'^ modules ^ and ^ such that Supp(^)nSupp(=Sf ) 
is compact, the Euler-Poincare index is given by 

X{X-J^,^) = x(RHom^,oc(^,^)) 
^ ' = E.(-)^dimExt^^,.(^,^). 

Applying fl6.3.6p . we get 

(7.3.2) x{X;^,^)= [ (eux(-#) ■eux(=^)). 

Jx 

Recall that eux(-^) = (— l)'''^^^eux(D^ioc^), and also recall that dx being 
even, eux(-^) ■ eux(=^) = eux(-^) ■ eux(^)- 

We shall explain how to calculate the Euler classes by using the theory 
of Lagrangian cycles. We refer to [321 Ch. 9 § 3] for a detailed study of these 
cycles. 

Recall that IK denotes a commutative Noetherian unital ring of finite 
global dimension. 

Consider a closed Lagrangian subvariety A of X. We define the sheaf: 

(7.3.3) L^=i^f (Kx), 

and we simply write La instead of Lj. The next results are obvious and 
well-known (see loc. cit.). 

Lemma 7.3.1. (i) U ^ H'l^^{U;Kx) {U open in X) is a sheaf and this 
sheaf coincides with L^, 
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(ii) ^MA..,(LD^O /or 2 = 0,1, 

(iii) if s is a section of L^, then its support is open and closed in A, 

(iv) there is a canonical section in r(A; La) which gives an isomorphism 

We denote by [A] the section given in (iv) above. 

Definition 7.3.2. We call a section of on an open set f/ of A a Lagrangian 
cycle on U. 

Recall that Kcoh,A('^^) denotes the Grothendieck group of the category 
■Dcoh a('^^)- denote by =v^oh,A(^x) the sheaf associated with the presheaf 
U t-!- KcohAnui^u)- Then, there is a well defined Z-linear map 

(7.3.4) K : J^oh,A(^x) ^ La. 
This map is characterized by the property that 

(7.3.5) «:(^A) = [A]er(A;LA). 

Let ^ G D^^^{s^^^) and let A be a closed Lagrangian subvariety of X which 
contains Supp(^). 

Let ^0 be an j^/j^-lattice of ^ on an open set U of X. Then gr;j(^o) de- 
fines an element [gr;j(^o)] £ i>-coh,A{^x\u) , hence an element of r(?7; =X;oh,A(^x))- 
This element depends only on and we thus have a morphism 

Kcoh,A«°^) ^ r(A; J^oh,A(^x)). 
Composing with the map k, we obtain a map 

(7.3.6) K,oh,A«°^) ^r(A;LA). 

Definition 7.3.3. We denote by lcx(-#) the image of ^ G ^cohA'^x"') by 
the morphism in (17.3.61) and call it the Lagrangian cycle of 



On the other-hand, recall (see Definition [632]) that the Euler class eux 
of ^ belongs to H'l^ {X; C^^°^). Hence, the Euler class of ^ is a Lagrangian 
cycle supported by A: 

(7.3.7) eux(^) G r(A;Lf' °^). 
The map Z ([^n^oc jj^ciuces the morphism 

(7.3.8) .x:LA^L^°^ 
The next lemma is easily checked. 
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Lemma 7.3.4. Let A be a smooth Lagrangian suhmanifold of X and let ^ 
he a coherent ^x'^ -module, simple along A. Then eux{^) = lx{[A]). 

Theorem 7.3.5. One has enx{^) = t-x ° \cx{^)- 

Proof. By Lemma [7. 3. 1[ it is enough to prove the resuh at the generic point 
of A. Hence, we may assume that A is smooth. Let x G A and let us choose a 
smooth Lagrangian suhmanifold of X which intersects A transversally at 
the single point x. Let us also choose a simple j2^*j^°'^-module ^ simple along 
S^. Using (17X2]) . we find 

x(R=^om^,oc(^,^):.) = / (eux(^) ■eux(^)). 
^ Jx 

Let ^0 and be ^/x-lattices of ^ and respectively. We also have 

K[gr,(^o)])-«:([gr,(^o)])). 



X 



Clearly, we have 

(7.3.9) <Wn{^o)]) = [S.]. 

By Lemma 17. 3. 4[ eu(^o) = [Sx]- Therefore, 



(7.3.10) / ([5J ■ eux(^)) = / ([5J • lcx(^)) 

Jx Jx 

for any smooth Lagrangian suhmanifold Sx which intersects A transversally 
at X. This completes the proof. Q.E.D. 

Remark 7.3.6. The Euler class of a holonomic .g^°^-module supported by a 
Lagrangian variety A is easy to calculate, since it is enough to calculate it at 
generic points of A. Moreover, the integral in fl7.3.2p is invariant by smooth 
(real) homotopy of the Lagrangian cycles lcx{-y^) and lcx(-^) and one may 
deform them in order that they intersect transversally at the smooth part of 
their support. See Ch. 9,§ 3] for a detailed study. 



7.4 Simple holonomic modules 

When ^0 and are simple along smooth Lagrangian manifolds, one can 
give an estimate on the microsupport of R Jif am ^ioc{^i, ^o) ■ It follows from 
Lemma [6.2.11 that two simple holonomic modules along A are locally isomor- 
phic. 



162 



CHAPTER 7. HOLONOMIC BQ-MODULES 



Example 7.4.1. Assume X = T*M for a complex manifold M and £/x 



(0). Then 0'^°^ is a simple holonomic ^^'^'^-module along M. 



Recall that on a complex symplectic manifold X, the symplectic form 
gives the Hamiltonian isomorphism from the cotangent bundle to the tangent 
bundle: 

(7.4.1) H:T*X^TX, {e,v) = u{v, H{e)), veTX,eeT*X. 

For a smooth Lagrangian submanifold A of X the isomorphism (17.4. ip induces 
an isomorphism between the normal bundle to A in X and its cotangent 
bundle T*A. 

For the notion of normal cone, see e.g., [511 Def. 4.1.1]. The next result 
is proved in [121 Prop. 7.1]. 

Proposition 7.4.2. Let X be a complex symplectic manifold and let Aq and 

Ai be two closed complex analytic isotropic subvarieties of X . Then, after 
identifying TX andT*X by (17.4. ip . the normal cone C(Ao,Ai) is a complex 
analytic -conic isotropic subvariety ofT*X. 

Theorem 7.4.3. Let be a simple holonomic -module along a smooth 
Lagrangian manifold Aj (z = 0, 1). Then 

(7.4.2) SS(Rjrom^,oc(ifi,^o)) cC(Ao,Ai). 



Idea of the proof of Theorem \7.4.3[ (i) By identifying RJ^om^ioc(-S?i, -^o) with 



a sheaf supported by Aq, the estimate (17.4.20 is equivalent to the estimate 

(7.4.3) SS(R^om^,o.(^i,^o)) C Ca„(Ai). 

(ii) The problem being local, we may assume X = T*M, s^x = ^^(0), 
Aq = M, ^0 = 0^4°^- If Ai = Aq, Theorem 17.4.31 is immediate. Hence, we 
assume Aq ^ Ai. 

Then there exists a non constant holomorphic function : M — )■ C such 
that 

Ai = {(x; u) G X ; n = gia.dLp{x)} 

Consider the ideal 

n 

(7.4.4) Jw = Y,^x-{hd,.-^[). 

1=1 
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We may assume that = Wx/J^w- Let u G be the image of 1 G Wx 
and denote by ^ the .^^.o/x-submodule of generated by u. 
To conclude, it remains to prove the inclusion 

(7.4.5) char(gr,(^)) C C(Ai, T^^M). 

We shall not give the proof of (17.4. 5p here and refer to [12]. Let us simply 
mention that the proof uses j37t Th. 6.8]. Q.E.D. 

Remark 7.4.4. Consider a smooth Lagrangian submanifold A of X and 
denote by ch(f2A) G H^{A; i^^) the class corresponding to the line bundle 
Q\. To the exact sequence 

one associates the maps /3 and 7: 



1/2 

We shall denote by C/ the invertible CA-algebroid associated with the co- 

homology class 7( J^(ch((]A)) G H\A;Cl) (see fl^XT^ V 

Consider an invertible CA-algebroid 21 on A and denote by Inv(2l) the 
category of invertible 2l-modules (see Definition I2.1.4p . On the other hand, 
denote by Simple (A) the category of simple j2^*x-niodules along A. It can be 
easily deduced from Lemma [6.2.11 that . given a DQ-algebroid ^x-, there exist 
an invertible CA-algebroid 21 and an equivalence of categories 

(7.4.6) Simple(A) ~ lnv(2l). 

When s^x is the canonical algebroid #Sc(0) (see remark [6.1.3p . it is proved 
in [19] that one has an equivalence 21 ^ Ca C]/^. 



7.5 Invariance by deformation 

We shall show that in the situation of Theorem 17.2. 3^ R^om^ioc(^, ^) is, 
in some sense, invariant by Hamiltonian symplectomorphism. 
First, we need a lemma. 

Lemma 7.5.1. Let M he a complex manifold, X = T*M and let ^ he a 
holonomic Wx -module. Assume that the projection ttm- X ^ M is proper 
{hence, finite) on Supp(^). Then t^m*-^ is a locally free G^^j"'^ -module of 
finite rank. 



164 



CHAPTER 7. HOLONOMIC BQ-MODULES 



Proof, (i) In the sequel, we write £/x and ssf^^ instead of #x(0) and Wx, 
respectively. Since ttm is finite on Supp(^), RuM^-y^ is concentrated in 
degree 0. Let us prove that this sheaf is (^^'"'^-coherent. Denote by F^r the 
graph of the projection ttm and consider the diagram 

M xX^^T^ 

p 

M X. 

Using the morphism of C'^-algebras 'n'^j^M ^ ^x-, we may regard £^ := 
s^jT^s^X'^ as a coherent .2^Mxx°-module simple along V.„. Then 

X 

We may apply Theorem 13.3.61 and we get that Rvr^*-^ is ^^}'°'^-coherent. 

(ii) Let n = du = \dx- By Lemma 17.2. 2[ D^ioc(^) [n] is concentrated in de- 
gree and it follows from a similar argument as in (i) that D^(^) o [n] is 

coherent and concentrated in degree for any coherent ^/-module 
simple along r,r- Denote by D'^^ioc the duality functor over ff^^^j"^. Ap- 
plying again Theorem 13.3.61 we get 

D;.,moc(^o^i-) ~ D;^,oe(^^°^)oa;/°^oD'^,„4^) 

~ R7rM.(Rp*(D^moOl^^D:^,„.(^)). 

Since Ux oD^(^) ^ [n] for an =24fxx-niodule simple along and 

D^ioc('^) is concentrated in degree n, 'D'^h,ioc{T^M*-^) is concentrated in 
degree zero. Therefore, tim*-^ is a locally projective (^^^"'^-module of finite 
rank. To conclude, note that, for x G M, any finitely generated projective 
(^^^°'^-module is free, by a result of [52] (see [59]). Q.E.D. 

Recall the situation of fl3.1.9p : we have three symplectic manifolds Xi 
{i = 1,2,3) and closed subsets Aj of Xi x Xj+i [i = 1,2). Assume that 
the Aj (z = 1,2) are closed subvarieties and the projection pi3 is proper on 
P12A1 np^3^A2. Then Ai o A2 is a closed subvariety of Xi x X3. Now assume 
that Aj [i = 1,2) is isotropic in Xi x X°'_^^. Then Ai o A2 is isotropic in 
Xi X X3 by classical results (see e.g., [391 Prop. 8.3.11]). 

In the sequel, we denote by © the open unit disc in the complex line C, 
endowed with the coordinate t. We set for short 




Y:=T*B, 
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and we consider the projections 



X xY 



Y 



X 




X X D 



D 



TT 



Assume to be given a Lagrangian subvariety A C X x Y satisfying 

(7.5.1) the restriction p\\: A — )■ X x D is finite. 

For a G D, writing for short T^D instead of TT^iD, we set 



Theorem 7.5.2. Let X be a complex symplectic manifold, let A be a La- 
grangian subvariety of X x Y satisfying (17.5. ip , and let V be a Lagrangian 
subvariety of X . Let ^ be a holonomic s^xxY''^^'^'^^^ such that Supp(^) C 
A and let ,yV be a holonomic s^'^'^ -module such that Supp(yr) C V. Assume 
that the map g: A fl (Pi^V) 3 is proper. For a G ©, we set '■= 

and M := Ylp2jiJ^om ^-i ^ioc{pi^ ^ , -Sf). Then 

(i) is concentrated in degree and is a holonomic -module sup- 
ported by Aa, 

(ii) ^ is a coherent s^y'^ -module supported byVoA, 

L 

(iii) Fa := RRom^ioci^ , ^a) ^ ^^{Y; {^o/^o{t - a))(g)^^^) is an object 
o/ D^(C'*'^°^), and Fa and F^ are isomorphic for any a, 6 G D. 

Proof, (i) First note that t — a:^^^isa monomorphism. Indeed for 
any s G Ker(t — a: ^ — )■ =^), ^xxy^ C =Sf is a coherent j^j^^^y^odule whose 
support is involutive and of codimension > dxxv/^, hence empty. Therefore 
^a = ^o(^^°7^^-.(t-a)) ~ Rpi,((^B/^B(t-a))®^^^), and (i) follows 

immediately from the hypothesis (I7.5.ip . 
(ii) We have 



Aa:=AoT:B=p,{Anq-\a)), 



and this set is a Lagrangian subvariety of X. 
We introduce the "skyscraper" =2^°^-module 

(7.5.2) ^„:=i4°7i4°^- (t-a). 



Rp2*R=^omp-V,.(pr'^,^) ^ D^(^) oif. 
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By the hypothesis, the projection A (1 {V x Y) ^ Y is proper. It follows 
from Theorem 13.2.11 that ^ belongs to D^^yA-^y'^) ^^'^ is supported by the 
isotropic variety Ay := ^ o A. 

(iii) By the hypothesis, the projection vr: Ay — )■ D is proper, hence finite. 
It follows easily that H^{^) is a holonomic .2^°'^-module and H^{R^l^,^) ~ 
Ti^H^{^) is a locally free (^]^''°'^-module of finite rank by Lemma 17.5.11 Hence 

hHrT{Y- i^n/^t - a))|. ^)) - r(r; H\Ji()/{t - a)H\Ji()) 



is a finite-dimensional C^'''°'^-vector space whose dimension does not depend 
on a G D. Q.E.D. 

We shall make a link between the hypotheses in Theorem 17.5.21 and the 
Hamiltonian deformations of a Lagrangian variety Aq. 
Assume to be given a holomorphic map 

<I)(x,t): X X © ^ X 

such that $(■, a) : X — X is a symplectomorphism for each a G D and is the 
identity for a = 0. Set 

r := {(x, t, <I>(x, t))}, the graph of $ in X x X'' x ©. 

Consider the differential 

9$ 



^ . X X D ^ TX ~ T*X. 
dt 



We make the hypothesis: 



(7.5.3) there exists f : X x D ^ C such that ^ = Hf, 

where Hj denotes as usual the Hamiltonian vector field. In this case, we can 
define (identifying T*© with © x C) 

r := {((x, $(x, t))- it, fix, t)))} C X X X'^ X T*D 

and r is Lagrangian. Let Aq be a Lagrangian subvariety of X. We set: 

A:= AooL. 

Then A will satisfy hypotheses (17.5. ip and A^ = $(x, a)(Ao). 
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Example 7.5.3. Let X = T*M, V = T*^M and let M x D ^ C be a 
holomorphic function. Set Y = T*D and let 

A = {{x,t;u,T) e X xY; (u, r) = giad^^t(p{x,t)}, 
Aa = {{x;u) e X;u = grad^, (f{x, a)}. 

Consider the family of symplectomorphisms 

u, t) = {x,u + (f'^ix, t) - (p'^{x, 0)). 

Then 

— = -Hq^^ and Aa = ^{x, u, a)Ao. 

Set Z = {{x,t) E M X 3] grad^. (p{x, t) = 0} and assume that 

the projection Z — )■ © is proper. 

Consider the ideals 

n 

i=l 

n 

i=l 

Set = ^l'^ (g)^^^ and ^ = ^/xxy/^- Hence we have = ^x7A 
and if*(RHom^ioc(-^a5 ^)) does not depend on a G ©. 
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